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PREFACE TO THE SECOND EDITION 


The first edition of this book has been out of print for some 
time now. In issuing a second edition in response to a persistent 
demand for it, 1 have taken the opportunity of making slight 
additions and alterations which, 1 hope, will contribute to the 
usefulness of this book. Typographical mistakes, which occurred 
in the earlier edition, have been corrected ; and though the 
credit of this goes to mv publishers and my colleague. 
SriKaramvir Mittal, yet still l must consider myseif responsible 
for any mistakes which may have been overlooked. 


There are some other subjects like frames, bending moments 
etc., which can be included in a work on Statics. Some authors 
like to do it but there are others who would like these to form 
part of the subject of the Theory of Structures. Considering 
such subjoets which are included in the curriculum of an 
engineering course but which can also be treated in a treatise 
on Statics, 1 have come to the conclusion not to include such 
ones in the present volume but to issue a complementar\ 
volume which would serve as a link between Statics and 
statically determinate portions of the subjects of the Theory 
of Structures. If opportunity permits, it may not ho long 
before a companion volume to this book is issued for the vise ot 
students primarily and also for the use by others interested m 
this particular branch of Mathematics. 

In the end I would like to add that 1 would be glad and 
grateful for any helpful suggestions for improving the usetulness 

of this work. 


Roorkee, 

April , 21, 1951. 


11. D PURI 
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ELEMENTS OF STATICS 

INTRODUCTION 

1. Science of Statics.— 

stand that branch of Physics which in its broadest aspect 
deals with the motion of bodies (rest being regarded as a 
special case of motion) and the causes that produce the motion. 

Mechanics may be conveniently divided into three main 
branches : Kinematics. Kinetics, Statics. 

Kinematics is that branch of Mechanics which deals with 
motion without considering the causes that produce it. Thus, 
in Kinematics, it is convenient to regard the bodies as mere 
points, whatever be their size. Kinematics is merely an ex¬ 
tension of geometry and is aptly described as the geometry of 

motion. 

Kinetics is that branch of Mechanics which deals with 
the causes that produce or maintain motion and aims at 
finding the relation between the motion and the causes. 

Statics is that branch of Mechanics which deals with 
bodies in equilibrium and examines how this state obtains 
and may be maintained. 

2. Fundamental Concepts -In the development of the 
subject certain concepts are assumed to be fundamental, that 
is to say, none of them can be expressed in terms oi the others 
or simpler terms. We also make use of certain fundamental 
principles or laws which arc the result of experience or observa¬ 
tion or both. 

In Statics, the concepts of space, matter and force are assu¬ 
med to be fundamental. All quantities that wc come across will 
be defined in terms of these physical quantities. The specific! 
tion of any quantitv. however, involves two factors, a number 
and a concrete quantity of the same kind which the number 
represents. This is called a unit. 

3. Space and Matter.-Our ideas about the first two 
concepts are intuitive. 

Space is what possesses • length, breadth and thickness, 
each of which is a length. Space is thus measured in terms 

of length. 

The unit of length is th c fool. 
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It is not easy to define ‘matter’ satisfactorily. Matter may 
be said to include all things susceptible to various senses, e. g. 
that of touch. Any definite portion of matter may be defined 
as a body. An infinitesimal portion of matter is called a 
'particle: a body is thus composed of a large number of particles. 
It is a matter of common experience that the quantity of matter 
in a body does not depend upon the space it occupies. For 
example, there is more matter in a cubic foot of steel than in 
a cubic foot of wood. In fact our notion about this point is 
derived from the difficulty in handling two different substances 
in the same way. 

A body is said to be rigid when the relative distances of 
its particles remain invariable. Actual bodies are not definitely 
rigid and suffer deformation under the action of forces (see 
next section). This portion forms the subject of elastic bodies. 
We shall, in the following sections, consider the Statics of the 
ideal solid bodies as dclined here. 


4. Force.—Force is in the first instance made known to 
us through muscular effort or muscular resistance. It may be 
defined as the mutual action of two bodies. These are equal 
and opposite (Newton’s Third Law) and constitute action 
and reaction. 

To specify a force completely, four things, called its ele¬ 
ments, are necessary. These are (i) its magnitude (it) its 
direction (in) its sense and (iv) its point of application. 

A force may, therefore, be represented by a line OA drawn 
from its point of application O, in its direction and in the same 
sense, the length of OA representing its magnitude on any 
given scale. 


5. The effect of a force is altered by a change in any of its 
elements. 


(1) Magnitude of Force. The unit of force employed is 
the weight of one pound. This represents the force of earth 
pidl at Greenwich on a particular piece of platinum deposited 
at the British Exchequer Office. Thus a pull of one pound 

means a lorcc which would be produced b\ f a weight of one 
pound. 


1 his unit is known as the Engineer’s unit or the Gravitatio- 
nal umt ot force. Its value varies slightly with the latitude 
ol the place. If we denote the unit earth pull at any place 
>y g, then the weight w of a given body can be written as 
w m-.g., where m for the body is the same everywhere. The 
constant m denotes the quantity of matter in the body. It 

does not depend upon the earth pull, though it has the'same 

magnitude as w . It is called the mass of the body. 
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Arts. 5-6.] 

To find the number of units in a given force we may either 
use (a) a common balance or (b) spring balances in then- 
various forms. This will be explained further later on 

(See Art. 41). 

in jbms zi 2=U£-*£ r. 

but also on its point of applica- - 

tion. Let us consider a simple 
example to he’p fix the idea. 

In driving a gimlet in a piece 
of wood, it is a matter of com¬ 
mon experience that the same 
effort applied at A (see figure) 

gives a better result than when 
applied at B. The effect is, in 
fact, proportional not only to 

the applied force but also to the 

distance of the point of application. Thus if we denote the 
force bv P and the distance by />, the effect is measured by 
yi__k 'pj, where k is a constant. Now the constant is so 
chosen that M is unity when P is a unit force and /» a unit 
distance; thus I: = 1 and we have M — P p- 

The product V.p is called the moment of the force 1 about 
a point whose perpendicular distance from the line of act ion 
of P is p. It measures the tendency of the force to turn the 
body on which it is acting about the given point. 

Let the given point be O. It is clear 

that the direction of rotation of the body 

about 6 will depend upon the position of 
the point O relative to the direction and 
sense of the force. If O lies to the left of 
P which is directed towards the right of O, 
the tendency is to cause rotation in an 
anti-clockwise direction. An anti-clockwise rotation is, conven¬ 
tionally, taken to be a positive sense of rotation ; a clockwise 
rotation to be negative. These two rotations are specified by 
the positive and negative sign of the moment. 

The unit of moment is foot-pound. 

6. We have already seen that a force cannot occur by 
itself without exciting other forces. Such forces as are 
called into plav as a result of the act ion of the external forces 
are called passive forces. If the passive forces maintain an 
invariable direction, they are said to be conservative forces; 

if not, dissipative forces. The only dissipative force that WQ 
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shall consider is the surface force called friction. (See Art. 14) 

The force exerted between two bodies in contact is called 
reaction. If it acts along their common normal, the bodies 
are said to be smooth, otherwise rough- 

7. Science of Statics- —The effect of the forces on bodies 
is to cause the bodies on which they act to change their position 
or sha*pe. The ability of bodies to resist the change in their 
position is called Inertia , the ability to resist the change in 
shape is called Rujidiiy. It is clear that the inertia of a body 
depends upon the quantity of matter in it and is therefore a 
measure of its mass. The resistance to change of position is 
inherent in bodies and is of the nature of a passive force. The 
passive forces, that are called into play as the result of ex¬ 
ternal forces, may or may not be enough to compensate the 
effect of the external forces. The science of statics deals with 
cases in which the external forces together with the internal 
forces form a system in equilibrium. 


Suppose a number of forces act on a body. If we can find 
a single force which produces the same effect on the body as 
the given system of forces,then the single force is called the 
resultant of the given forces. Conversely the given forces arc 
called the components of the single force or resultant. The pro¬ 
cess of obtaining the single resultant is called the composition of 
forces; and the converse process is called the resolution of for¬ 
ces- It is clear that any given system can have only one 
resultant but that the single resultant may be equivalent to a 
number of system of forces 


8- ! he effect ot a force acting on a body must be transmit- 

leu ilnoH^h the inulcrial of the budv. Therefore across any 
imaginary plane cross section of the boclv, the material on 
either side exerts a force on the other. The pair of forces are 
equal and opposite (Newton’s Third Law) and constitute a 
f- ' Presses do not a fleet the external forces. It 

:; ,,luv V? V : mt ll ' Vr s,alt point of application of a force from 
r . 'ying nn its hue of action, the external effect of the 
t-.ice is unaltered, though now the portion AB is in a state of 


’.70S. 


I his is known 


the 


rorces. 


Principle of Transmissibility of 



CHAPTER I 

EQUILIBRIUM OK FORCES 
§1. CONCURRENT FORCES 

9 Parallelogram Law.— It is a fact deduced by observa¬ 
tion and experiment that if two forces P and Q be represented 
in magnitude and direction by OA and OB respectiveb then 
their resultant R is represented in magnitude and direction, 
by the diagonal OC of the parallelogram OACB. 

This is known as the law of the Parallelogram of Forres. 

Let h be the angle between the forces. 




Then, CL being perpendicular oil OA (see figures a and />), 

OC 2 = OL* + CL 2 

= (OA + AC cos a) 2 4- (AC sin a) 2 
= OA 2 + AC 2 + 2. OA. AC cos a 

Therefore, since OB = AC, 

R = yT* + Q* + 2 PQ cos a. 

If the resultant make an angle 9 with P, then 

CL _ Q sin a 
tan 9 — Qk — i» '_j. Q cos a' 

Conversely, we can resolve any given force R into compon¬ 
ents in any two given directions. 

For let P Q be the components of R in directions making 
angles 9 and> with that of R. Draw OC to represent the force 

R With OC as diagonal, complete the parallelogram OA( B, 

so that L AOC = 9, Z.BOC = 
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From the triangle OAC, we have 

AO AC ___ OC . 

sin <f> ~~ sin 0 sin (0+^.)’ 

whence P—R sin <£/sin (0 + <f>), Q=R sin 0/sin (0-f <£). 

When the given directions are perpendicular, the components 
are called the' resolved parts or resolutes of R. In this case, 

, P = R cos 0, Q = R sin 0. 

10. Triangle of Forces. Lamis Theorem. —The forces 
P, Q may be represented by the lines OA and AC in magnitude 
and direction. Then the closing line OC of the triangle OAC 
represents in magnitude and direction the resultant R of P, Q. 
It follows that the forces represented by OA, AC, CO in 
magnitude and direction are in equilibrium : and conversely. 

I liis proposition is known as the triangle of forces and may bqg 
stated as follows :— 

If three concurrent forces are in equilibrium, they can be 
represented by the sides of a triangle taken in order : and conver- 
scly, if three concurrent forces can be rcpresented by the sides of a 
triangle taken in order, they must be in equilibrium. 

Suppose that the three forces are P, Q, R and that they act 
along OA, OB, OC. J 



Let Oac be the triangle of forces for these : then 

Otf nc ,0 

sin ^ sin 0 ~ .sin (0 _}. 

P = Q 11 

sin BOO s : n CO A ~ sin AOli* 

Thus if three concurrent forces arc in inuiUhr ; • 
proper,io n„l Me of ,L h,u- u n tl ottr “uo ‘ 

This is known as Lamis Theorem. 


or 
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The converse of this is also true. For, if this relation he 
satisfied, then the three forces can be represented by the sides 
of a triangle taken in order and so must be in equilibrium. 

Note. _If three forces be in equilibrium, they must be 

concurrent unless they are parallel * 

Example 1. The sum of the resolved parts of lu o forces in 
any direction is equal to the resolved part of the resultant in that 
direction. 

For let the forces be represented by OA and AC so that 
their resultant is given by OC. Also let XX be the given 
direction. 

Draw AA', CC' perpendiculars to XX and OL, AN perpendi¬ 
culars to AA' and CC' respectively. Produce OL to meet CC' 

at M. 

Now the sum of resolved parts of the forces OA and AC in 
the direction XX 

= OL + AN = OL + LM = OM 

= resolved part of the resultant OC in same direction. 

Example 2. Let the forces P, Q he represented by p OA and 
q. OB. Then their resultant is represented by ( p+q )• OC where 
C is a point in AB such that 

p. AC = q. CB. 

For p. OC is the resultant of p. OA and p. AC, 
and q. OC is the resultant of q. OR and q. BC. 


B 



Also the forces p. AC and q. BC are equal in magnitude 
but have opposite senses and act in the same line. And so they 

balance. 

(P+q) OC is the resultant of p. OA and q. OB._ 

• Parallel forces aren^Tco^mplatod in this section. They are dealt 
at length in section §3 later on. This result is proved m section §4 and 
ie anticipated hero. 
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Example 3. A bar A B, 6ft long , supporting a ireight of 1000 
lbs, is in equilibrium in a horizontal position when held by two 
ropes as shown in the figure below. Find the position of the load 
and the tensions in the strings neglecting the weight of the bar. 

Let Tj, T 2 be the tensions in the ropes at A and B respec¬ 
tively, and let C be the position of the weight. If the direc¬ 
tions of the tensions meet in 0, OC must be the line of action 
of the weight. 

OC is vertical. 

Setting AC = x, we have 

x cot 30° = OC = [(5—.c] cot 45°, 
or a* [y/3 + 1] = 6, 

or x =-- 6/[-v/3 + 1] = 2-2 ft. 

By Land's theorem, 

T, = To _ 1000 

sin 45° — sin 30° sin 75°’ 
whence T l — 1000 sin 45° cosec 75° = 732 lbs., 

and T„ = 1000 sin 30° cosec 75° = 517 lbs. 

This question could be more easily solved as follows :— 

We first draw the diagram to scale : we then draw OC 
perpendicular to AB and scale off AC = 2 2 ft. 



‘ hC VCr ' !ral " b cr *' ,al10 1000 units on any conveni- 
tnt hcaii to represent a w^i^ht <>f 1 nc^ii iu tV 

parallel to OA, OK to meet h r T J , Draw Qr ' bC 

tp . i • ni r. i Ill'll cic. cb renrMpnt r P 

,inra ™ < 

on wa 
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Art. 10.] — -- 

The rod and the lines of the greatest slope through the points of 
contact may be taken'to be in the same vertical plane The 
weight of the rod acts through a point Cm it such that A . — a. 

BG = b. 

The reactions of the C 

planes are perpendicular 

to the planes ; let these / ft 

meet in C ; then must CG * ' \ 

be vertical. / j \ . 

Let AB make angle \ 

with the vertical : then o 

a sin (6 — a)/sin a 0 / 

=CG=6 sin (0-f-/3)/sin ft, * v 

or (a-fb)cot 0 = a /* 

cot a —b cot ft- ---- 

This is a geometrical of frequent result application. An- 

other one is obtained as follows, f or " l * 

or a sin A/sin (9-A) - CG = b sin B sin (9 + B). 

whence (a-fb) cot 9 — b cot A a cot B. 

Example 5. The given figure illustraUs a method 4™%*. 
a heavy spar AB by means oj a h<jht S P ir 



The. l„ mr end . B and D rcsl in recesse a ^ 

tleeir upper ends A and C are go.ned by a rope AL. 




lo ELEMENTS OF FORCES [Art. 11. 

rope CE is attached to the upper end C of the lever , and by 
hauling on this rope the spar can be used. 

Determine the pull in CE required to support the spar for the 
position shewn . 

The forces acting on the spar AB are : the pull T in the 
rope AC, the reaction R of the ground at B, and its own 
weight acting through G as shewn. 

Take a vertical line fg to represent the weight of 3000 lbs- 
on any convenient scale. Through g and f draw lines parallel 
to FB, CF respectively to meet in c. Then cfg is the triangle 
of forces for the spar AB. 

Scale off 11=0(7 —2100 lbs and T=r/ 

= 1400 lbs. approximately. 

Again the forces acting on the spar CD are : 
the tension T in AC. the reaction S of the 
ground at D, and the pull P in CE. 

Through f,c draw lines parallel to CD and 
CE to meet in e. From the triangle of forces 
fee, scale olf 

P=oc= 1480 lbs. 

11. Moment- —Let a force R act at a 
point A ; then the moment of R about any 
point in the plane 

= ° L ", R ‘ 0A *' n0 =OA. (R sin 0) 

OA. (resolved part ot R perpendicular to OA) 




minl'ouuTlr 7" ° J ll ", mo ' n * nt « °f two forces about any 
resultant ' “ ^ lo (l,e ^ut O of their 

For let R be the resultant of the forces P O and let 4 bo 

oJp“aZto 0n,,UrSLCti0n - The —>— 
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= OA. (sum of resolved parts of P, Q perpendicular to OA) 
= OA. (resolved part of the resultant R perpendicular to OA) 

= moment of R about 0. 

Corollary It follows that if force., P. Q. K ore inequili¬ 
bria, then the sum of their moments about amj poml ,n therr 

plane must vanish. 

F«nmnlp t 4 uniform heavy rod . of length ‘Jo, is placed 
Example 1- A J aval nst a smooth vertical 

across a smooth horizontal rail and r > J 

wall which is distant from the rad. To find tin angle OJ 
inclination to the vertical. 

[Note.—The weight of the rod may be taken to act at it. 

middle point G.J 

The forces acting on the rod are 

[j] its weight W acting through its middle point C», 

[itl the reaction R of the tail normal to the rail, 
jut] the reaction 8 of the wall normal to the wall. 

These are shewn in the 
figure. 

Since there is equilibrium 
they must meet in a point. 

By Lami’s theorem. 

R _ S 
1EW sin (90°+ V) 

W 

sin (180°—0) 

whence R = W cosec 0, 

S = W cot 0. 

Ta kin g moments about A 

we have 

— W. a sin 0+R. h cosec 0=0 . 

whence sin 3 0= hia. 

[Note : —If the rail is a circular cylinder of radius r so that 
h > r, the equation of moments becomes It. (h coscc 0 cot 0) 
—W a sin 0=0, whence h = r cos 0+a sin 0.J 

Example 2. A uniform bar AB of weight W is hinged to a 
point A on the wall of a room. A small smooth pulley C is fixed 

to the ceiling vertically above A. One end of a s nn, J Jf** uniform 
C is fixed to B ; the other end is attached to one end oJ‘ a 
chain of length l = AB + AC. The distance from J loor J° c ' ll W 
exceeds l. When B is vertically below A, the lower end of the 
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chain just touches the floor. Shew that if there be equilibrium 
when the bar makes a given angle 9 with the vertical , where 
0 < 9 < it, there will be equilibrium for all angles. Find the 
weight of the chain in this case. 


kJ 


Suppose there is equilibrium. Then the tension T in the 
string BO is 

— weight of the hanging portion of the chain 

= w. mi, 

u' being the weight of the chain. 

Now the forces acting on the rod AP, are (seethe accom¬ 
panying ligure) 

\i\ tension T along BC 

its weight W acting vertically downward through 
its middle point G. 6 

[ui] reaction R at the hinge A. 

Since there is equilibrium, these must meet in a point. 
Iimlm-r \\ to meet BC in D, then AD must be the direction 

O t 1\ « 

Taking moments about A. 

T. AC sin cf, - W. AB sin 0 =0. 
or (2 w. BC/7) AC sin ^ = \Y. A B sin 9, 
or W/ w = 2 AC; (AB + AC). 7 

of 9 'it^hmvs th!. * Vi ' the weight-w : and being independent 
’ uu there must be equilibrium for any value of 9 



Art. 11.] CONCURRENT FORCES «•* 

Example 3- The given figure represents the joist of a travel 
ler hinged to a wall at A. 

The joist is supported horizontally by a chain of rods attached 
to a point B vertically above 

The lengths of the vertical tie rods are so arranged that the 
tensions in the three tie rods are the same and egita. to " Lfr 
pull exerted by the chain at C 



i t 


Determine the lenjths of thr tic rods in terms of a . 

. . . • . • , r prove that the tension in eaih 

If the weight of the joist »•' « • 

of the lie rods is 

[W (x;a) T 2w\. 1° 

the three tie r< ds and let their 
Let T ho the tension m ^ ^ which the four 

lengths be L, l,- phain . m ake withthevcrtical.be 

inclined rods, forming *» , stresses in the links. 

0„ 0 2 , 0 3 ,0 4 and let F,, r »» 1 a* r i 

For the joint C, resolving vertically, we have 

F, cos 0, = T. 

, • t mi’s theorem to the three tie rods, we 
Also, applying Lami s tncorcu 

have 

F, __ _— _i. . v 

sin 0, ' sin 0 t sin (0, — 0.) 
whence c 2 = 2c, [where c, = cot 0 r ] : 


F* = F 3 ^_T_ 

sin sin 0., sin ( B t — 0 3 ) 
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whence c 2 — c t = % — c 2 or = 3 c x ; 

and - F < - . T 

sin 0 4 sin 0 3 sin (0 3 —0 4 ) 

whence c 3 — c 2 — c 4 — c 3 or c 4 = 4c r 

Now 7j = acj, ? 2 = + ac 2 = 3 ocj, tj = Z 2 + oca = 6 acj, 

and 2a = AB = Z 3 + a.~ 4 = 10 ac„ whence c, = £. 

7 t = a/5,7 2 = 3a/5 : I 3 = 6 a/5. 

[Taking moments* about A, we obtain 

T (a + 2a -f 3a 4a) = it*. 2a -f- W. x 

or T = [W (x/a) + 2u>]/l0.] 


12. Any number of Concurrent Forces. Analytical Method. 

Let P,, P.,,.P„ be a number of concurrent forces acting 

on a body. Through their common point O, take any two 
axes Or. Oy at right angles to each other. Let the forces 

make angles 0 l . 0., . 0„ respectively with Ox. Let their 

resultant R make angle '<f> with Ox. and let X, Y be its resolved 
parts along Or. Oy. 


Let R 2 be the resultant of P p P 2 ; R 3 that of R a , P 3 ; R that 
of R a , P 4 ; ete. Thus R is the resultant of R„_j‘ P„. ♦ If R, 
make an angle </>, with Or, we have 

R. cos <fj., — P l cos f? l -{- P 2 cos ft, 

It 3 cos (f > 3 = R, cos 6. 2 -f P 3 cos ft, 

= P, cos 0 l -}- P 2 cos 0 2 - 1 - P 3 cos 0 3 ; 
and so on. Ultimately 

X = R cos 4 - p, cos 00s e 2 + . + p cos 

= S (P COS 0 ); 

similarly, Y = Rsin <J = P, sin 0 1 + P, sin «, +.+ P„ sin 9„ 

= S (P Sin 0); 
whence R — X s ya 

I % t S [I’" p (C03 ,!'” T + sin sin 

or R v /vp2 I Oy /P x> ~- 

V-H I V* „i 4 cos a nii fl ) 

Whcr0 a "" » is thc an S ,c between the forces P m , p„. 

Also tan 0 = Y /X - v (P sin 9)jx (P ( " os 0) 

libr^T ffi 0r - tlle fo . reCS *° be in eq«!- 

that is, 3SarJ nnd sufficient that R must van4h, 







Arts. 12-13.] 


CONCURRENT FORCES 


15 


X=v (P cos fl) — 0. 

Y=S (P sin 0) — 0. 

Now the resolved part of the forces in any other direction, 
making angle ( with O.r, is 

= £ [P cos (0 — t )] 

= X cos , -f V sin f 

= 0 . 

Thus, the necessary and sufficient conditions of equilibrium 
are that the resolved parts of the forces in tiro different directions 
must vanish. 

Note .—If to the system of forces we add a force equal and 
opposite to their resultant, the system would he in equilibrium. 
Such a force is called the equilibriant of the force system. 

Ex ample 1. To deduce Lami's theorem. 

For let the forces he P. Q. R and let A , (z, i he the angles 
between them. Resolving perpendicular to P. 0 we have 
Q sin v + R sin ( A + «•) = 0, P sin v -f R sin (»• 4 - |zl=0, 
whence, since A + !•»• -J- v =2 tt. 

P _ Q _ R 
sin A sin (z sin v 

Conversely, if this relation holds, we at once obtain the 
above two equations which means that the resolved parts of 
the forces in two directions vanish. Therefore the forces must 
be in equilibrium. 

Example 2- Forres of magnitude 20, 25, 15 lbs. art along OA , 
OB, OC. OB is inclined at 60° to OA ; OC is perpendicular to 
OB .. IfOD is inclined at CO 3 to OC awl OF is inclined at 60° 
to OD, find what forces in OP, OK will rquilibriate the given 
forces. 

Let the forces required he P, Q respectively. Resolving 
along OA, OE we have 

20 + 25 eos <10° + 15 cos 150° 4- P cos 210° = 0, 

Q + 25 cos 150° + 15 eos 240° + P cos 300° - 0, 

whence P = 10 32 5 (2y/3) - 15 = 22 51 lbs., 

and Q = 25 cos 30° 4- 15 cos 00° — P cos t>0 

= 184) lbs. 

13. Any Number of Concurrent Forces Graphical Method. 

Let a l a 2 , a,a 3 ..., a„_j a,„a„ a he drawn successively to represent 

the forces P,, P 2 . P„_,, P„ on the same scale. Then a, a 3 

represents Rj, the resultant of Pj, P 2 , etc, itc. Thus a,a 
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represents R, the resultant of P 15 P 2 , ., P„- This is the 

method of polygon of forces. 

It is to be noted that no new idea is involved in this 
method. For here a number of triangles of forces are drawn 
on the same scale, which are then placed together side by side 
to form the polygon of forces. 

The polygon of forces is also called funicular or vector 
diagram and the diagram of forces to be compounded is called 

the space or force diagram. 

Bow's notation. In this notation, any force is designated 
by naming the spaces it separates. Thus the force P r would be 
the force A r A r+1 . This notation is due to Henrici and Bow 


Space Diagram 



Pn 


v 


*• 



A, A 2 



and has this advantage that the same letters represent a given 
force in both the space and the 


vector diagrams. 

Sole .—In this notation, 
any point of concurrence of 
forces is designated by the 
number of spaces meeting there. 
Thus the point of concurrence 
of forces P. Q, R. S, /.»>. 
of forces AB, BC, CD, DA is 
the point ABCD. 


/ c 



Condition of Equilibrium. If a l n were zero, resultant 
would vanish. Hence the necessary and sufficient condition of 
equilibrium is that the force polygon should close. 
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Example. Solve example 2 of the previous section graphi 
cally. 

Set a6=20 lbs on any 
convenient scale (see 
figure) and then be at 
60° to ah to represent 
25 lbs and cd at right 
angles to be to represent 
15 lbs. Now draw de 
at 60° to cd and let it 
meet the prependicular 
to ab at a in c. Then 
de, ea represent the 
forces P, Q. Scaling oft, 
we have P=22*5 lbs, 

Q=19 lbs. 



EXERCISES I. 

1. A uniform beam AB, weighing 1 ton, is 12 feet long ; it 
is hinged at the upper end A and is being lifted by a rope at¬ 
tached to its other end B ; the rope passes over a pullet at 
16 feet away from but in the same horizontal plane as A. 1 me 
the pull on the rope when the length from 0 to B is h teet. 

2. A rod of wood of uniform cross-section hangs veri ieally 
from the end of a cord which is fastened to its upper end. • 

rope is attached to the lower end of the rod and a l or zontal 

pull of 15 lbs in the rope causes the rod to have an i u ' 1 
of 45° to the vertical. Find the weight of the rod and the 
tension in the cord when the rod is thus inclined. 

3. A bar, of uniform cross section and , 10 Mother 

hinged in the horizontal position hv a rope as cii e 

end and inclined at 60 degrees to horizontal \ hat is e 

tension in this rope if the bar weighs oO lbs, and "hat 
moment of the tensile force about the hinge . 

4 A mass of 10 lbs rests on a smooth plane inclined at 
degrees to the horizontal, and is kept at rest by a firing ‘J 1 ®* 
lined at 30 degrees to the plane. Find the tcnsi 
string and the normal reaction of the plane. 

5. The ends A, B of a light rod AB are joined by light 

inextensible strings AO, BO to a fixed poin , . ulo ther. 

being equal in length and at right ang cs Shew that 

Weights W, and W 2 are suspended from A and B. *_ 
the rod will take up an angle 0 to the horizontal where 
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tan 6 = 


Wj - W. 
W, + W. 


6 . The resultant of. two forces P, Q acting at an angle a is 
(2m -f 1) y/(P 2 + Q 2 ). When they act at an angle 90 —a, the 
resultant is (2m— 1) v (F 2 + Q 2 )- Prove that 


m — 1 

tan a = —-—- 
m-f 1 


7. The resultant It of the forces P and Q makes an angle 
2a with the line of action of P. P is now replaced by P + R, 
Q remaining unchanged ; shew that the new resultant makes 
ang'c a with P. 

8 . The resultant of two forces P, Q acting at a certain 
anglo is X, and that of P, R at the same angle is also X. The 
resultant of Q and R acting at the same angle is Y. Prove that 


P— v '/y 2 4-OR1— QR(Q 4- R) 

V(X +QR) ~ Q* + R> - Y* 

Prove also that, if P + Q. -f R = 0, Y=X. 

9. Forces of 2 lb and 1 lb act along the sides BA, CA of 
an equilateral triangle ABC, both forces acting towards A. 
Determine the point in BC through which the resultant of 
these forces acts. 

10. Two forces, represented by p. OA and n. OB act along 
the sides OA, OB of a triangle OAB. If p = tan OAB and 
? tan OB A, shew that the resultant acts in the direction of 
the perpendicular from 0 to AB and that its magnitude is 

AB tan OAB tan OBA. 

11. At an angle pole in a telegraph route four wires run 
south and I., , legrees east of north. Explain why a supporting 
sta> tothe pole should be lived in a plane making an angle 
of , o degrees with the east-west line. If the tension in the 
telegraph wires is -40 lbs-weight and the stay makes an angle 
< f ~ ) d( giecs with the vertical, find the tension in the stay. 

\ 2 A telegraph post is 20 feet high and carries a wire 
attached horizontally to the top, the tension in which is 400 

! r°; “ P T id * d with astfl y which is attached 

J i poa / feet from the top and makes an angle of 00 ° with 

on thpTil ' 1 in< V hG tension in lhe stay so that the force 

on the post may pass through its base. 

of l 3 ton A ner W 8i0n V arries a uniformly distributed load 

Thi Zht of the°n e -t T ZOntal P ,atforiu of 600 feet span. 
the chafn Llo ^t P l 8 8 4 ? Pport above the lowest points of 

lh C e ErCatCSt *“* “ 
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14. A chain of variable (or uniform) density hangs in the 
form of the arc of a curve, the tangents at the two ends making 
angles of 60° with the horizontal. 

If the weight of the chain is 14 lbs, find the tensions at its 
ends and at its lowest point, and for intermediate points fill 
up the required data in a copy of the following table :— 

Inclination of tangent Weight of portion between Tension at end 
at upper end. this end and lowest point. of this portion. 

10 ° 

20 ° 

30° 

40° 

50° 

15, Two wheels of radius R are keyed to a co-axial shaft of 
radius r, the whole weighing W lbs. The wheels rest with the 
shaft horizontal on a rough inclined plane, which makes an 
angle a with the horizontal. The wheels are prevented from 
rolling down the plane by a light cord. One end of the cord 
is fixed to a point P on the plane and part of the cord is 
wrapped round the shaft ; the part of the cord between P and 
the shaft is perdendicular to the axis of the shaft and makes 
an acute angle with the inclined plane. Consider the two 
possible cases, and shew that the puJl in the cord is either 

JTOsinjL , b9 or WRsrn^ lbs 

R cos £ + r R cos p — r 

1C Forces of magnitude 5 05, 4 5, 4 16, 4*5 lbs act respec¬ 
tively along OA, OB. OC, OD. OA, OB OC. OD are inclined to 
to OE at angles of 90, 150, 240 and 300 degrees. Find the 
force along OE which produces equilibrium. 

17 Four tensile forces in a plane act at a point and are 
in equilibrium. The first force has a magnitude of 2 tons the 
second force acts at right angles to the first force and has a 
magnitude of 5 tons, and the other two forces are equal to each 
other in magnitude and arc at right angles to each other find 
the magnitude of these forces and show in a diagram the lines ot 
action of these four forces. 

18. Four bars of a steel roof frame, all in overhead plane, 
meet at a point and support a load of 2 tons. One bar is a 
horizontal tie bar carrying a tension of 4-3 tons, the next a 
thrust downwards at 60° to the tie bai^with a force of ()-R.> ton 
while the other two bars make angles of 150 and 200 with 
the tie bar. All angles are measured the same way round. 
Find the stresses in these two bars and state whether they are 
in tension or compression. 
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10 P To To are any three points on a chain of variable 
density suspended from any two points such that the tengen 
at P,, P 0 and P n , P, include the same angle a. If the tension 

at these points be T ls T 0 , T*, pro/e that 


1 

T, 


1 

T, 


?i£— and Wl 


Vi 


T. 


where W,, W 2 are the weights of P, P 0 and P 0 P 2 respectively. 


\Notc :—It will be proved later (see art. 18 §3) that the 
weight of a body acts through a point which is invariable and 
is called its Centre of Gravity. Thus, in this question, the 
lines of action of the weights of the two portions pass through 
the intersections of the tensions at the ends.] 


20. A straight uniform bar weighs 12 lbs and is 0 feet long. 
At points distant 1 foot and 4 feet respectively from one end, 
the ends of a light cord, 4V 2 feet long, are attached lhe 
whole is then suspended from the middle point of the cord. 


Find the tension in each portion of the cord. 

If, instead of being held at the middle point, the cord is 
held at such a point that the portions have lengths in the ratio 
2:1, shew that the tension may be the same throughout the 
cord and find this tension. 


Graphical method may be used. 

21. A uniform rod of iron. 32 inches long, weighing 20 lbs, 
is suspended from a single pin by two weightless anti inextonsi- 
blr cords. An end of each is attached to opposite ends of the 
rod ; one cord is 27 inches long, the other IS inches. Find 
graphically and state the values oi the iorces in the cords and 
(ho angle of inclination of the rod with the horizontal when the 
system is in equilibrium. 

22. A straight rod of varying section lias a string 5 feet long 
fixed \ i it at tv o points P and gj. 3 feet apart. This string is 
placed ovi i a smooth peg and when equilibrium is established 
the peg divides the string into parts 2 feet and 3 feet long, 
hind graphically how the centre of gravity of the rod divides the 
distance PQ, and if the weight of the rod be 30 pounds, find 
the tension in the strimr. 


23. A light uniform rod, d fee t long, is pivoted about its 
centre ; to the ends are fixed two strings 5 feet, and 3 feet 
long, and they arc tied to a weight of 20 lbs. When equili¬ 
brium is established, find graphically the tensions in the strings 
and the force along the rod due to the tensions. 

24. A rod All (see accompanying figure) whose centre of 
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gravity is at G, is supported by a smooth string attached to 
two fixed points C, D and passing through a ring at A and by 



a string attached at B. The two strings and the rod lie in a 
vertical plane. 

Shew how to find, bv a graphical construction, the magni¬ 
tude and direction of the tension in the string attached at 1> 

which will maintain the rod in equilibrium at a given angle to 
the vertical for a given position ot A on the string ( 1 . 

25 A weight w lbs is supported from a vertical wall by a 
light rigid bar°Alt, freely hinged to the wall at A and a rope 
BC which is tied to the wall at 0. The length of the bar is I, 
feet and that of AC is a feet : also ABC is an acute-angled 
triangle. The rope stretches n feet for each pound of tension 
and its unstretched length is c feet. By considering the form 
of the force diagram, shew that in the equilibrium position, the 

length of BC is ac/(a — nw) feet. 

Find the forces graphically in the case when a = f>, b = 8, 

c=6, n = 1/50 and w=50. 

26. The accompanying figure represents a flagstaff AB 
hinged at the lower eful. 

The flagstaff is raised hv means of the winch E assisted by 
a lever spar CD hinged at its lower end C and attached to 
the rope at its upper end 1). The centre of gravity of the 
flagstaff is at G, its weight is W and the weight of the lever 
spar is negligible. 

Initially the flagstaff' is supported in a horizontal position. 

When raised into the position AB' the lever spar pulls out 
of socket and ceases to operate. 
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Sketch a curve showing how the thrust in CD varies as the 
flagstaff is raised from the horizontal to the position AB\ 



Ordin&ica arc iu give the thrust in CD and abscissae are to 
give the height of the point B. Dimensions are to be taken 
directly from the figure. 

§2. FRICTION 


14. Force of Friction. Whe two bodies, in contact, are 

under the action of external forces, then the force exerted 

between them will, in general, be inclined to their common 

normal. The tangential component F of this force (that is, 

the component, prependicular to the normal) is of the nature 

of resistance to sliding along their common surface ; it is 

always called into play whenever the external forces have a 

tendency to cause the relative motion of the bodies in contact. 

This resistance is known as the Frictional force or Force of 

Friction or merely Friction. 

* 


15. The laws governing friction are the result of experiment 
and observation. When a system of bodies is in equilibrium 
under the action of external forces, the frictional resistance 
o'tllec! into play is just sufficient to maintain equilibrium. This 
is known as static friction. 

Moreover, the amount of friction called into play as a result 
of the external forces is limited. Its maximum value is called 
the limiting friction. When this maximum is reached, the 
s\ stem is said to be in limiting equilibrium. Any increase in 
the external forces, at this stage, would destroy equilibrium 
and as a consequence, the system will begin to move. 


The following are the laws governing friction. They may 

be taken as fairly accurate for statical problems, though being 

the results of experiment and observation, they must be only 
approximately true. J 


Laws °f Fnction. I. Friction always acts in a direction 
opposite to that m which motion would ensue if there were no 
fnciwn. Its amount is limited and is the least possible for 
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maintaining equilibrium unless this amount exceeds limiting 
friction. 

2. The amount of friction is independent of the areas in 
contact. 

3 So long as bodies in contact are of the same materials, the 
amount of limiting friction F bears a constant ratio to the normal 

reaction H. 

If we set F = p R, ^ is called the co-efficient of friction 

The angle, which the resultant reaction (that is the resul¬ 
tant of F and R) makes with the normal, is called the angle of 
friction. If this be denoted by h , then. 


[x = F/R — tan Tv • 

16. Let the resultant reaction between two bodies in contact 
make an.angle 0 .with their connnm. A. or the 

equifl ^n 'amount ‘of 0 the° limiting friction. Thus there is 
equilibrium. 

A cone, having its vertex at the point of contact and its 

semi-vertical angle equal to the^ngle of ^ l # , ^ 

^“resultant reaction lies with,.. 

the cone of friction. 


Example 1 . To find the 
greatest inclination of a plane 
on which a rough body would 
rest without being supported. 

Let W be the weight of 
the body and a the inclina¬ 
tion of the plane. The forces 
are as shewn in the figure. 
By Laini’s theorem 

R = __ 
sin (90° - a) sin 





iiSF=T) - sin 90® 


whence F = W sin a, R=W cos a 


and 
t. e., 


[x = F/R = tan a 
a = the angle of friction. 


Example 2. Let l> denote the minimum 
cause the body to move up the slope. 


pull which will 
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The forces acting are (see 
figure) :— 

(i) P at an angle 9 with 
the slope. 

* (ii) The reaction X in¬ 
clined at an angle 
A with the normal. 

(Hi) Weight W vertically 
downwards. 

By Larai’s theorem. 

X P W 

sin (90°+ a + 9) ~ sin (180°- a — 7i ) ~~ sin (90°— 9 + ?0 

whence P = W sin (a + A )/cos ( * — 0) 

Now P is minimum when 9 = 7 \. 



Therefore the minimum force is W T sin (a + 7 ^) applied at 
an angle A to the slope. 

Also F = X sin ft , R = X cos 7 \, X = W cos (a + ^). 

[Note The friction acts down the plane since the body 
would move upwards if there were no friction.] 


Example 3. The figure 
illustrates a wheel barrow 
standing on a slope of in¬ 
clination a, the position 
of its centre of gravity with 
reference to A and B being 
defined by the dimensions 
a,b,h. If 7\ is the angle 
of friction between A and 
the ground, and the. wheel 
is ass urn'd to be fr. c from 
friction show that the 
slope, corresponding to the 
limiting equilibrium is 
given by 



« + b + h tan 
The forces acting are :_ 

(*) weight W through G 
(u) reaction R at B perpendicular to the plane 
(m) reaction S at A at angle * to the normal to the plane. 
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These must meet, say, in C. By I-ami s theorem, 

W R = 

sin 7 ^ ~ sin(l80°—A+°) sin (180°—aj 
Taking moments about G, we have 

S (h sin 7\ + cos A) — R. a = 0 
Eliminating R and S, we have 

sin a ( h sin 7 \ + b cos A ) = a (sin A cos a —cos A sin a) 


whence 


tan 


a tan A 
a b h tan A 


Example 4. In example 1, art. 11, suppose both the wall and 
the rail are rough ; arid that A, A' ore the angles of friction at 
these respectively. 

There are two cases according as the equilibrium is broken 
by the rod slipping up or slipping down. 

A. Let the rod have a tendency to slip upwards. 

Then at the point of contact C the rod would also tend to 
slip upwards. Hence the forces are as shewn. 



whence R = W cos A/sin |0 —A — A'|. 


S = W cos [0 — A'l/sin [0 —A—A ]• 

Taking moments about A, 

-W a sin 0 + R cos A', h cosec 0 = 0 

whence a sin 2 0 sin (0 —A —A')= h cos A cos A 

or sin 2 0 [1-p p'] sin^-O* + p') cos 0 

where p [=tan A], p' [=tan A'] arc the coefficients ot trie 

tion at A and C respectively. 

B. Let the rod have a tendency to slip downwards. 
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In this case the frictions at A and C act in opposite direc¬ 
tions. The forces are as shewn • 

R S_ 

cos (90° + A) sin (90° + A' + Q) 

W 

” sin (180°—A —A' — 0 ) 

and —W a sin 0 + R cos A' h cosec 0=0 

whence sin 2 0-\ (1 — p |x') sin 0 + (p. -f- (x') cos Q y=hla 
The following conclusions may be noticed : 

(i) When the wall and the rail are smooth ; then 

p = 0, p' = 0 

and sin 3 Q = /t/a (as before). 

(it) If the rail is smooth and the wall rough, then p'=0 
and sin 3 6— hi a = ± pi cos 0, according to the two cases. 

(Hi) If the wall is smooth and the rail rough then p = 0 
and sin 3 0—hja = ± (x' cos Q, according to the two cases. 

EXERCISES II. 


1. A uniform ladder stands with one end resting on a 
horizontal floor and the other against a vertical waU, coefficient 
of friction in each case being (x. Shew that if the ladder is 
on the point of slipping, its inclination to the floor is given by 



If the coefficient of friction between the wall and ladder be 
ix', how is this modified ? 

2. A uniform beam rests with one end against a vertical 
wall and one end on the ground. Kit be on the point of 
slipping when inclined at 4f>° to the vertical, find the coefficient 
oi friction treating the wall and the ground equally rough. 

3. I ind the horizontal force which is necessary to prevent 
a mass of 100 pounds sliding down a plane inclined at 80° to 
the horizontal ( 1 ) if the plane is smooth ( 2 ) if the plane is 
rough with 0 4 as coefficient of friction. 

L. A weight of 90 lbs is dragged up an inclined plane of 
by a force inclined to the plane on its upper side at an 
angle of 15 . Find the magnitude of the force, if the ooeffioient 
of friction between the weight and the plane is 0 45 . 
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5. A heavy rough body rest9 on a plane of inclination a. 
Shew that the least force acting down the plane, which will 
cause the body to move down is W sin (A — a) sec A where A 
is the angle of friction. 

How do you explain the result when A < a ? 

6. If the body were held from slipping down by a force 
acting upwards at angle 0 with the plane prove that the magni¬ 
tude of the force must be \V sin (a — A) sec (0-h a )- 

7. A block of iron weighing 100 lbs rests on a rough 
inclined plane which makes an angle of 10 with the horizontal. 
The angle of friction for the block and the plane is tan~'(f). 
Determine the minimum forces required to move the block, 
both up and down the plane, and the angles of inclination of 
the directions of these forces with the plane. 

8. A ladder rests against a vertical wall in a plane perpen¬ 
dicular to the wall ; the length of the ladder is l, the distance 
of the centre of gravity from the foot is c, and its inclination 
to the horizontal is a. Shew that if the wall is smooth, 
the coefficient of friction between the foot and the ground 
is c cot a/l. 

Find the least value of a for which there is equilibrium 
when l=3c\ the coefficient of friction at the ground is 0 5 and 
that at the wall is 0*25. 

9. A box rests with one end on an inclined plane and the 
opposite edge is supported by a cord as shewn in the 
accompanying figure. If the coefficient ol friction between the 

\ 



box and the plane is 0 5, and the edge A is just on the point 
of slipping down the plane, shew that the horizontal distance 
of the centre of gravity of the box from A is equal to 11Z/16. 
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10. A body rests in equilibrium in contact with a rough 

inclined plane and is kept in equilibrium by a forc f acfcin 8 U P 
the plane. If the least value of the force, when the plane is 
inclined at an angle a to the horizontal, is equal to the greatest 
value of the force, when the inclination of the plane is p, prove 
that the angle of friction is (a- B)/2. 

11. In example 4, art. 16, if the point of contact A be 
above the rail C, prove that when the rod is about to slip down 

h 

sin 2 9 sin (0 + A' - A) = ' C03 * cos A 

12. A and B are two concentric 
circular cylinders, A being solid and 
B hollow ; their common axis C is 
horizontal. A uniform heavy square 
lamina D, of side less than 2 v /(6 2 — a-) 
but greater than y/(b z — a 2 ), is placed 
with one edge horizontal and in 
contact with B, as shown in the 
accompanying figure. 

Shew that equilibrium is impossi¬ 
ble with the lamina touching A, unless n <h sin 7\, where A is 
the angle of friction between D and B. 

13. Two cylinders, of radius a -f b and a respectively, are 
fixed with their axes horizontal and on the same level; a uni¬ 
form plank rests across arid above both the cylinders with its 
length perpendicular to the axes. If p,. p 2 be the coeffi¬ 
cients cjt friction between the plank and the respective 
cylinders, prove that in the position of equilibrium (when it 
exists) the distances of the centre of the p^ank from the 
points of contact with the respective cylinders are in the 
ratio j L— -b: b — n „ L, where L is the distance between the 
points of contact. 

< iven lh* angles of friction, shew how to determine graphi- 

cal!\ the range ot positions for the centre of the plank within 
which equiiihiium is possible. 

I I. A uniform rod, length /. passes over one rough peg A 
mid under another B, tho coefficient of friction in each case 
being p. The pegs are at a distance 2 a apart and lie in a line 
which makes an angle o. with the vertical. Shew that, in 
equilibrium, the centre of gravity of the rod divides AB 
externally in the ratio 


U - 


aad that 


u tan a) / (1 -f p tan a) 


f - 2 a (l -f- p tun a) / p tan a. 
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If the coefficient of friction at A be u, and that at R be u 2 , 
obtain the corresponding result. 

15. Two equal rods, of length 2 1, smoothly jointed to- 
gether, rest symmetrically over a rough cylinder of radius a. 
The vertical plane containing the rods is perpendicular to 
the axis of the cylinder. If each rod makes an angle a with the 
vertical, shew that the extreme values of \i are given by the 
roots of the equation 

cot 3 a -f- (1 ± n/ 'a) cot a = l a 

for which cot a is positive, where a is the coefficient of friction 
between the rods and the cylinder. 

If l = 4a, pt = prove that cot a lies between I and 18 
approximately for values of a for which there is equilibrium. 

10. A mass of 10 lbs rests on a rough plane which is 
inclined at ,*10° to the horizontal. The coefficient of friction 
between the mass and the plane is 0*3. The mass is to be 
moved up the plane in a direction making an angle of 4.. with 
the line of the steepest slope of the plane by the application 
of a force parallel to the plane. 

Determine the magnitude of this ioree and its direction with 
respect to the line of steepest slope of the plane. 

17. A block, containing a symmetrical Y-shaped groove, 
has a uniform cylinder resting in the groove. The block with 
the cylinder is then tilted in the plane of the axis ot the 

cylinder through such an angle that t **V' c ' col ! tu ‘ uc ^ to 

slip with uniform velocity in the direction ot its length il gi\en 
a slight initial impulse. 

If ft is the angle between the axis of the cylinder and the 
horizontal, 20 is the angle at the base of the groove, and A is 
the angle of friction between block and cylinder, shew that 

tan A = sin 0 tan ft. 

18. A uniform plank, 20 feet long weighing 200 lbs in 
contact with the ground at A, rests upon a rough horizontal 
cylinder of (i feet 
diameter with its 
axis perpendicular 
to the plank and 
fixed to the 
ground at B, dis¬ 
tant 15 feet from 
A. If the coeffi¬ 
cient of friction 
between the plank 
and cylinder is 0 2, and the ground may be taken as smooth, 
find graphically or otherwise the least horizontal force applied 
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to the plank at A that is necessary (i) to move the plank up 
the cylinder and (ii) to keep the plank from slipping down. 

§ 3. PARALLEL FORCES ; COUPLES 

17. Composition of two parallel forces. Parallel forces 
are said to be like or unlike according as they have the same or 
opposite senses. Since parallel forces do not meet, a special 
artifice has to be employed to obtain their resultant. 

Let it bo required to find the resultant R of two parallel 
forces P, Q acting at A and B respectively. At A, B introduce 
two equal but opposite forces H, H' acting along AB as shewn 
in the accompanying figures. This superposition does not 
affect the system (Art. 8.) Let the resultants S of H, P and 

S' of H', Q meet at 0. Draw OC parallel to the given forces 
to meet AB in C. 

The points of applications of S, S' may now be shifted to 
O (Art. 8.); and the forces S, S' at O may be replaced by tHeir 
components H, P and H', Q respectively. 

Of these, the forces H, H' balance each other. 

(1) Let the forces be like. 



Wo ;>j.. ' 

Also 

whence 


■ i force R=P-f Q, acting along OC. 
AC H BC _ H' 

CO P ’ CO ~ Q' 

P. AC = Q. BC 
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Therefore, the resultant is a like parallel force P + Q which 
divides AB internally in the inverse ratio of the forces. 

(2) Let the forces be unlike and unequal * 



We are in this case left with a force P — Q acting along 
OC (and in the same sense as P.) Also 

AC _ H_ BO = H' 

CO ” P ’ CO Q ’ 
whence P. AC = Q. BC. 

Therefore, the resultant is a parallel force P — Q (in the 
same sense as P) which divides AB externally in the inverse ratio 
of the forces. 

Corollary I. Let o be any point in the plane of the forces; 
and let the perpendicular through o meet the forces in a, l> and 
their resultant in c respectively. 

(/) Like forces. 

The sum of moments of P, Q about o 
= P. oa -f Q. ob 
= P (oc - ac) + Q (oc + cb) 

= (P Q) oc (since P/Q = CB/AC = cb ac) 

== moment of resultant about o 

(2) Unlike forces. 

The sum of moments of P, Q about o 
= P . oa — Q. ob. 

= P (oa — ac) — Q (oc — be) 

== (P — Q) oc (since P/Q = CB/AC = cb,ae) 

= moment of resultant about o 

These results establish Varignon’s theorem of moments for 
parallel forces unless the forces are unlike and equal. 


* Seo Art. 20 for unliko and equal parallel forces. 
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Corollary II. It follows from above that if three parallel 
forces are in equilibrium ; then the sum of their moments about 
any point in their plane must vanish, and vice versa. 

For let P, Q, R be the three forces ; and let R' be the 
resultant of P, Q. Then, since R is the equilibriant of R', R 
and R' must be equal and opposite and act in the same line. 
Hence the sum of the moments ol the forces about any point 
must vanish. 


Conversely, taking moments about a point on R, we see that 
R\ the resultant of P, Q must be in the same line as R. Also 
since moment about any point vanishes, the sum of the mo¬ 
ments of R, R' must be 0. 

.-. R-f R' or P-f- Q + R=0 : and so the forces must be in 
equilibrium. 


Example. A uniform ring of weight IF, has a bead of 

“If, W . att “ / ' lcd t0 rim at A. The ring is placed over a 
rough horizontal peg. Show that it will hang in equilibrium with 

the arn d nn l !t t r u • posillon ' Provided: the angle of friction between 
trie peg and the ring ts greater than 


sin '~ 1 (~- V —) 

Mr 4 -ir/ 


4 

Let 0 be the point of contact with the peg. There will be 

r‘7, o r i,i0 '^' 'f ,hc «“Bto a, which the resultant 
lojct R at 0 makes with the radius OC, is less than * the 

“Sta pdinTon R 4 ' 50 R must ^vertical. Taking momenta 

W.CX-ir. AL 

(where TX, AL are prependiculnrs on the line of action of R) 

whence ... r«v 

_ ' _ a sin a 

M -|- w AL-f-CN a sin 0 

*0 the 


Now if 
then 


sin n sin 0 ( 

''ll -j -w" 

w 


tin 


or = 


J1 


f w 


81,1 « < <>r — sin 0 sin ^ 

< sin ^ 

180 dc;-.’ees. ^ i )0s ‘tive s nee 0 varies only between 0 and 

U < h . 
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Ai t. 18.J a - — — - - — 

18. Any Number of Like Parallel Forces- Analytical 

Method. Let like parallel forces P t , P...Pn act at points A,, 

A 2 .A n and let A, be the point (.r„ y t ), any rectangular axes 

being chosen. Let R., denote the resultant ot P, and P 2 , R 3 
that of R 2 , P 3 , etc., R, that of R,_,. P,. Let CY y t ), be the 
point of application of R,; then C, lies on A*. 

Now P, _ C\ A 2 _ r.,—r , _ // 2 

P 2 A t C 2 .r., — r i 

(whatever be the inclination of the forces to .r—axis) 

, — Pi .r. + P-. P i ’J\ + 1*2 Hi . 

whence z 2 = y + p ; • U* = Pj + Pj ’ 

also R 2 = l*i d- I**- 

Applying the result to R 2 , P 3 . ' ve {^ ct 

- R 2 x 2 +P 3 a- 3 __ I*. J i + p .* r 2 + P 3 

^ - R 2 + 1*3 p i + P 2 + P 3 

r 2 y „ 4 - 1*3 »/3 _ p i y_x ± p ? y* d: StJ'? 

y* — R 2 + P 3 p, 4- 1*2 4- 1*3 

End R _p 

a " Proceeding in this way wo see tlmt 2 if R denotes the resultant 
of the forces end (x, y) its point of application, then finally 

R=p,+p 2 +r 3 .1 r„=2P 

, S (P-r) - _ ^ '’>> 

and x = ~ P . 'J ~ v P * 

The point <z, y) is independent of inclination of the forces 

to the a;—axis and so is an invariable pom . , 

Centre of Gravity- The result just stated finds rather an 

important application. 

For consider a number of particles of weight ,e, 

situated at points A,, A 2 .A„, where A, is the 

such that*+u, 2 4-4®- constant and equal to \\ Then he 
resultant of the weights of these parKcles is a forte acting 

at Ihe point (x, y) where Wj.‘=2( xcx), Wy~~ 

ma^regard W asTll^vdght oF^nmterial^ 

r^ttof-r »» -- 

body acts. As seen above this is an invariable point for each 

body. This is called its centre of gravity.- - 

' *We~hero Bupposo that the ^-0 of gravity or 

part.clo of the body has J d raotico since the distances of the 

strictly accurate but is J u8t,f * e<1 J nre so groat that the lines joining 
particles from tho contro of the earin urt . 

the particlos to tho contro muy bo taken as j 
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The* analytical formulae of tlic centre of gravity are at once 
obtained. For the weights of the particles are proportional to 
ihnr volume ; therefore setting iv=kdi\ we have 


f x dv 


(y dv 


*=-/•—* y— j r — 

dv 


f dv 


J 


f z dv 

0 

f dv 


In the ease of a plane lamina, the weight is proportional to 
the area, and so 


fx dA 

x ~ ~r * 

J d A I d A 


Jy dA 


All the integrals are, of course, evaluated within the limits 
defined by the boundaries of the bodies concerned. 

Example 1. A girder AB . of 50 feet span, is supported at its 
ends and is loaded with loads of 15. 30. ‘35, and 20 tons placed 
at 0. 30. 28 and 38 feet respectively from the end A. Find the 
rear!ions at the supports. 

Let the reactions be It. S tons acting vertically upwards 
through A. 1?. Tf the resultant of the given loads cuts AB in C, 
then <' must be a point on the resultant of It and S, 

,! '"t is, R. AC —S. CB ; 

» lsn K +S= 15+30 i 25 +20—90 tons. 

I.thing moments about A. the moment of the given loads 
must e.|ii .1 the moment of their resultant ; thus 

9' >. A( ’ = 1 a x 0 + 20 x 30 + 25 x 28 + 20 X 38 

= 2150 

AO — 23 9 feet. 

R S 90 

CB ~ AC 50 

ft = *3 tons, S = 47 tons. 

< h i! u- : Taking moments about A, we have 

8. AB = 2150 
S — 43 tons, 
ft = 90—43 = 47 tons. 

I•■ E // a / n y IC ?•' ff 'i- n f(lU,d " n<l opposite forces S in ant, two 

force! V T-Tl '7" 6 combined with tun like 

rnulfant’onhnf P r nr , " nd ) ,nraIleL to Item-, show that the. 

’ Ul,anl ,hp f ore ** displaced a distance hS (P+Q). 


v ! i» nc*i 


W « f|K( 

il 11*1 SO 
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Let p, q, s be the perpendicular distances of any point O 
from the forces P, Q and one of the forces S, so that the dis¬ 
tance of the other force S is s + b. 

Now if x, y be the distances from O of the resultant of P, 
Q and of the displaced resultant, we have 


a(P + Q) = Pp+Qfl, 

and y (P+Q+S—S) = P p+Qq±$- » =FS (s + b). 

x~~y = S6/(P+Q), 

and x-^y denotes the displacement of tlie resultant. 

Example 3- The beam of a balance ha s* equal arms AR, AC. 
The fulcrum O is slightly above the centre of gravity G of the b,am 
and the three joints O, G , .-1 are in a line perpendicular to RC. 
The weight of the beam is ]V and with loads F and Q suspended 
from C and B respectively , the pointer OA is at rest at an angle 
0 to the vertical. Show that 

, (P-Q)AB 

tan u - {P+ q ) oA + IK. OG 

and hence deduce the condition on which the sensibility of tin 
balance depends. 


The accompanying figure 
is an outline sketch of a 
common balance. 

Parallel forces P at C. 
Q at B, W at G and the 
reaction at O are in equi 
librium. Hence taking 
moments about O, we have 


a 



P (AC - OA tan 9) cos 0 - W. 00 sin 0 

_ Q (AB+OA tan 9 ) c< s 0 = 0, 

or (P - Q) AB cos 9 = |\V. OG + (P + Q>- OA] sin 0. 
or tan 0 = (P - Q> AB/[(P + Q). OA + W. OG] 

The sensibility of a balance depends upon the fact that it 
should bo able to detect even very small differences 1 <jtucen 
the weights P, Q, that is to say, for small values o1 J. 
the angle 0 must be appreciable. Thus for any given diffe.enco 
the greater 9 is, the greater the sensibility would be and so 
tan 0I [P - Q] is an appropriate measure of the sensibility 
a balance. Thus the sensibility or sensitiveness is 

= AB/[(P + Q)- OA + W. OG]. 

If OA be taken equal to 0, the sensibility would be inde¬ 
pendent of the weights. This is an important point to notice. 
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Example 4. Two bodies, whose real weights arc P lbs and 
Q lb*™p'ar to weigh P + p lbs and Q + l«» ^Tdl 

the assumption that its weight is W lbs and the moveable weight 
is w lbs. 

Prove that w exceeds the real value of the moveable weight by 
an amount equal to 


_ V — <7 

P - Q+p - <1 


w lbs ; 


and that IF exceeds the real weight of the yard by an amount 
equal to 

f _ p-1 _ 1r _ b _ Es ~ _ \ibs. 

\P — Q + p — q a P — Q + p —q S 

Here a and b denote the distances from the fulcrum {both 
measured in the same sense) of the centre of gravity of the yard 
and the point of attachment of the body to be weighed. 

Shew also that the body whose real weight is It lbs will appear 
to weigh 


lt(p — q) -!- P q ~ Qp lh 

-- p—Q lbs • 

(Common Steel Yard. This instrument consists of ft rod AGCOB 
supported at ft fulcrum C (sec tho accompanying figure). A hook or a 
scale-pan is attached at so mo point A and there is a pointer at C. The 
rod is constructed so that its centre of gravity CJ lies between A and C. 
Tho position of movable weight w on tho graduated length OB in tho 
arm t'|( 9 which makes the yard horizontal, determines tho weight of ft 
body .riuchcan bo put in tho pan or attached to the hook at A. When 
t-^ro is no load at A, tlie position of the movable weight, which makes 
tin- yard horizontal, gives the* zero point O of the yard. 



bo thp "eight of t ] ic? yirnl : algo \C = b. GC 
i hen \\ . a ~ tv, c gi\ ing tho point 0. 


= a and OC =<?, 
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Now let the position of the movablo weight */• for o body of weight 
Z bo S in OB : setting OS = z, we huvo 

Z. b + \V. a = u’ (c + z). 

so that 

Z . 

z = — .o 
w 

Hence the yard can be easily calibrated]. 

Let the real values of W and to he \\ and ic respectively ; 
then P. I> W'. (i = w' [CO 4- OSr +; ,] 

a—Wfl + ^ + V b«", 

W tV 


and 


Q. b + W'.a = ^-Wa + Q t ; ? to' ; 


whence (subtracting) 

p _ Q = (P - Q + p - q) tc'/ic. 

w' = to (P - Q)/(P - Q + P - q), 

w — w' = w (p — q) ( p — Q + p — q)> 


or 

or 


Also 


whence 


W'rt (P - Q) = - Wa (P - Q) + "t (P« —Qe) 

/> P^-Q/i w' 

g «’ 

__ p - q _w-- -^^ p — 

— p_Q -yp—q a P-0 I -p—q 


/1 w '\ w t b ^ q~ 1 

W - W' = ( 1 - W - a - - P --_ 


Again let R' he the apparent value of R ; then 


R 

R'. b + W\ a = ^ Wa + w h 


whence 


+ " (W' - W) 1 


b It’ ' / 

P g — Q p 
“P — Q / 

, 4 . vjzjX , Stzg? 

1 + P-Q J + P-Q 


R' = {R 

u>' \ 

-»{ 

R ( p-q ) + Pt z - Qp 

P - Q 

19. Any Number of Parallel Forces.-Graphical Method. 

-r, • lot ns consider only five forces, A 1 A 2 , a.,a 3 - -, 

A A F °ThTforce diagram, in this case*, is a straight line 
Take any point o in the force polygon and ^oa^oa. 
Starting from any point \, draw XC,, t ,C 2 , L.,L 3 . t 3 t- 4 , ^5* 
C 6 Y, parallel respectively to oa x , oa 9 . oa t , oa< t oa it ot i 6 so that 


= R 
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C r lies .on the line of action of A r A r+l (r=l, 2,..., 5). Let the 



\ 

\ ' 
S ' 


s / 
\/ 

C 


/ 



lines C, X. C 6 Y meet in C ; then C is a point on the line c.' 
action of the resultant. 


l*or the force AjA 2 may be replaced by its components a x o 
alont; XC, and on, along C.,C,, A 2 A 3 by forces of magnitude a.,o 
along C,C 2 , and oa, along C 3 C 2 ; etc. etc. Of these the compo¬ 
nents along C,(\j 0 2 C 3 . C 3 C 4 , 0 4 C 6 balance ; and the system of 
torces is, therefore, equivalent to two forces, one of magnitude 
«,o acting along XC, and the other of magnitude oa 6 acting 

along YOjj. Thus C is a point on the line of action of the 
resultant. 


The polygon XCjC,.C-Y drawn in the space dia 

< aiM-d ;i link or funicular polygon 


gram is 


to 


there is an infinite number of link polygons corresponding 
any given pole ; all of these are parallel figures. 


* — - - 

c I A ! S<> ' i* 1 ' s 0,< ; ar to , ,l(, b pole, there corresponds a set 
. 1 , f o! ygotiH which possess the property that the locus of 0 

is a straight line. 


Soiv, ‘ (inphicalli/ example 1 of the previous 


Example 1. 

article. 

'} nlT„t a, <’i V P,,1< ‘ in iU * , f " rc( ‘ ,lia ?ram pqrst. Through 
j,; 1 , ' I,U J ! ' llne parallel to op to meet the force PQ and 

,! arnVh'-l VJi! J wn . ie,,la . P 1 P ol y»o«- Through the pole o, draw 
in r Tl.ro / f ' ,osin -;7“- to the vertical line of loads 

These silr s ^ ts A «• 

A rtt sutv rumtro 

attached to it at. points C, C 1 In t|, n v !• “ .• 

equilibrium it is Ceil, from a'hovVthat the B 

n.wsl be a funicular of the forces P,. }> . *. ''fi fe 

P ' n " ,V<8 lhe tension, in the strings AC,, Cl C,. AlUhe 








tensions have the same horizontal component H which is given 
by the polar distance in the force polygon (indicated by the 

dotted line). 



These results can be established u:nhlieully as well. 



For let the strings AC„ C.C,. etc. make angles u, a,,. ... _ 
with the horizontal, and let T,, T 2 .. ; . ..denote u' 
these strings. Then resolving vertically ami honzonullj for 

each of the points C„ C 2 ,. » e obtain 

T, sin «, - T, sin a, = 1\, T, cos a. - f, cos a, . «. 
T, sin «, - T. sin «, = IV T, cos a, - T, cos «, = 0. 

etc. etc. etc., 

whence T, cos a, = r« cos a. - — H (>a\) 
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Suppose as above that there are five loads. Then these ten 
equations, together with the two involving the horizontal and 
vertical distances between A and B are sufficient to find the 
six tensions and their inclinations. 

Instead of the strings AC 1 , C^o, etc., we may have rods ; 
these will be in tension. If the rods are heavy, then each may 
be replaced by half its weight acting at its ends and the rods 
treated as weightless. (See example below). 

If the figure of rods be inverted, we still must have equili¬ 
brium but with this difference that now the rods are in com¬ 
pression]. 

Example 2. Four equal smooth jointed rods AB, BC , CD, 
DE hang in equilibrium from two points A, E on the same level : 
the rods arc light but carry weights IV as indicated. Draw a 
force diagram, taking the horizontal component of the reaction at 
A and E to be. W . Calculate the length of each rod when AE is 
40 feet. 

If the weights 11' were removed, shew that four equal heavy 
rods of the same size will hang in a figure of the same shape and 
obtain from the original force diagram the reactions at the pins A, 
B, C in this case. 



• <1 P °t!' liSt T e e !.'° U the force diagram is 

ti c vertical “ ‘"i s f ' vl,lch the two end rods make with 

feet each." U 10 « = *■ *“ * « *■ 
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whence a = EPS feet. 

If the rods are heavy, replacing them by half their weights 
at the ends, we obtain loads 1 W at A, E and loads W at B, C 
and D. 

For the system, the force polygon is as shown and so is the 
same as that'for the previous case. 

The reactions at A, B and C are given by the dotted lines 
ou, ow (w being the mid-point of pq) and ot respectively. Thus 
the reaction at C is horizontal as is otherwise obvious. 

These results can also be obtained analytically. 

For the reaction at A has components 2\V vertical and W 
horizontal, and can thus be obtained. 

To find the reaction at B, we see that the rod AB is in 
equilibrium under the following forces : reaction at A its 
weight W and reaction at B which has components \\ hori¬ 
zontal, and say R vertical. Resolving, we see that . 

Note. —It should be noted in this case, that the vertical 
reactions at A and E are tu and vt and not Ip ami st. Denoting 
the weight of the rod AB by vw, the triangle of forces for the 
rod AB is ouw so that the reactions at A and B are given n 
ou and ow respectively. 

20 Couples.— The construction given in §17 (2) above tails 
in the case o P f two ecpial unlike parallel forces. For in this case 
S, S' are also parallel. 

_ ... p p+p P 

Now the resultant of two unlike 

parallel forces P + p and P is a force 
p acting in a parallel line at a dis¬ 
tance x from the force P + V " here 


(P + V) x = P 



^_ JQ _» 

— Cl —> 



(a being the distance between the forces P + P, P). 

p . x = P- a 

„ . m * Anf i to 7 ero we obtain the case of two equal, 

unBk.%^ 

Thus X but acti^ 

parallel forces is a f from either of these. It is, therefore,- 
at a very groat distance from ei f cannot be equili- 

clear that two cqua anduuUke ara ^ ftom 

briated by a finite ‘orce aci ng new concept in 

either. Thus we become acquainted 
Muchanics, the concept of a couple. 
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A couple is a system of two equal unlike 'parallel forces acting 
at a finite distance. 

As illustrations, it miy bs mantionel that couples have to 
l>e applied in order to wind a watch, to drive a gimlet, to push 
a cork screw in a cork, to open or close a propelling pencil, 
to work a capstan, to draw circles by means of a pair of 
compasses, etc. etc. 

The effect of a couple is to tend to cause rotation. 

A couple is said to be positive or negative according as it has 
a tendency to cause rotation in an anticlockwise or clock-wise 
direction. 

A couple is measured by the product of one of its two forces 
and the distance between them. This product is called the 

moment of the couple ; and the distance the arm cf the 
couple. 

. Note. —Since a couple cannot be equilibriated by a finite 
force, another couple must be required to counteract its effect. 
(See next art.) 

Example 1. Any force. P may be replaced by an equal force 
let injat any arbitrarily chosen point 0 , parallel to its original 
direction , by the introduction of u couple. 


For at 0 introduce two opposite 
forces Pj, I*, each equal and parallel 
to 1*. This superposition does not 
affect, tin- system ; and we have now 
a force P, or P acting at O parallel to 
its original direction together with a 
couple of moment P p. p being distance 
from 0 of the given force P. 



Example 2. A pair of compasses is used to describe. . ircles 

vertical pressure on the handle show that a / , , 

II Ij sin a tan A must be applied to the handle in tr^ " C ° U ?f* 
the joint being supposed to be clamped. ' ‘ ^ n circle > 

W hen the joint is damped, the anale *>„ on ■ ■ . ■ 

<>f brim, increased elastically by n " JOU,t l * ca Pable 

;.. f « -rpiJi'Hpi:: l ofZ n 7,l ic \?'r 8 

" ,rd " “ ” W »* ... . VcZs" 
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2 L sin 


6 


in 2a takes place as the weight II is applied, provid'd a > A • 
]f a < A , the increase takes place just after the start. Mew 
that as a result the radius of the circle drawn in the latter case ts 
increased by ±k \VL* sin 2a. 

Suppose that the circle is described by the end A of the 
compasses. Due to the vertical pressure U at the joint O, the 
upward reactions at the feet of the legs are equal, sa\ K, so 

that 2 R — W. 

Consider first the plane 
of the paper. 

Taking moments about 
B, we; see that the couple 
retarding motion in the 

direction of the arrow is r 

= 2 L sin a. jxR 
=WL sin a tan ?v. 

Hence in order to draw a circle, a horizontal, couple ol 
moment exceeding \VL sin a tan A must be applied to the 
handle. O 

Now consider the plane of 
the compasses. 

The couple tending to in¬ 
crease the angle BOA is 
R.L sin a (taking moments 
about O) and the couple tend¬ 
ing to retard the increase is 
(x RL cos a (taking moments 
about O.) Therefore if 

R. L sin a > [x R. L cos a, 

that is, if a > Tv, 

the increase in the angle must take place as the pi a ■sine is 
applied. 

Again if a< A, the frictional couple is large enough to pre¬ 
vent the increase taking place. In this case, ll the ang e 
is increased, it is increased after the starting of t ie mo ion, 

Since the couple tending to increase the angle is> RLsin«, 
the increase 0 in the angle at the joint — ' M ,l 

= £ k WL sin a. 

And, consequently, the increase in the ratlins 

= 2 L [sin (a -f 0/2) — s ' n a l 
= L 0 cos a (since 0 is small) 

* c= i k WL* sin a cos a 
= J k WL* sin 2a 
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Example 3. The diagram indicates the mechanism of a 
'platform weighing machine. The points A, B, C, D, F, O and 



J represent hinges, whilst E represents a knife-edge hearing, which 
rests on the upper end of the vertical rod EH which is rigid with 
FG. The beams J AC. DE and FHG are initially horizontal ; 
BD, CF and the. centre line of EH are initially vertical ; and the 
dimensions are AB= J inch, AC = 12 inches, FG=16 feet. 

Considering a small angular deflection B0 of the beam JC , 
find expressions for the vertical movements of D and E. Shew 
that if these movements be equal so that the platform DE remains 
horizontal, then I1Q must be S inches. 

If the load IK on the platform is balanced by a load P at J 
and I VjP=100, show that AJ is 50 inches. 


The weights of the various parts of the mechanism are to be 
iu (fleeted. 

Let S<j) be the angular detlection of FO ; then 
10 X !2 X 5<£ inches — vertical displacement of F = 12 80 


or 8? = 80/16. 

the vertical displacement of H = HG 50/16 in. 

Now vertical displacement of 1) = that of B = kSO in. 
If these are eqv.ul, 


HG = 8 in. 

Again let the platform press down at D and E with forces 
Q R respectively : then Q -f R = W. 

The thrust at C exerted by FO 

. = R. HG/GF = R/24 

taking moments about A for the lever JAC, we have 
!’■ A.T Q. AB + AC. R/24 

= l (Q + R) - l w = 50 F 
Therefore .4J = 50 inches. 


Example 4. A', I r , X arc points on the sides BC, CA AB of 
the triangle ABC, such that 

BX : AC = CY : YA = AZ : ZB = p : q . 
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Prove that the forces compUlcly reprcscvkd fcj' AA. BY,CZ 
reduce to a couple whose moment is ' 1 )■ 

the area of the triangle ABC. 

The force AX is the resultant of forces ^ . AB along AB 

and -L. AC along AC (Sec example 2 Art. JO). Thus the 

1 * 9 p \ A 3 

forces AX, BY, CZ along ‘the 

[ where r = (/> — ?)/(/> + 7)1 1 n 1 

sides BC, CA, AB of triangle ABC. 

The force r. BC may now be transferred to A by the 
duction of a couple of which the monun ^ __ N 

= r. BC X (prependicular from A on 1 - 

Since the forces at A »«* P [hevI,S^^ 

M^r^nf^to a couple of which the 

moment is 2 A(P - ?V(P + «'■ _™ cffcct of a couple is 

21. Theorems about Couples. 

""“‘'it be moved parallel to itself, the arms remaining 

Para "[II] it be turned about the middle point uf ds arm 

through any angle whatever, moment, 

[III] it be replaced by anothei ha\ b 1 thl . same 

the arms of the two being in the same lme and 

middle point. , . ,> i> . in ,i lot its 

Let the given eonple consist of equal forces 1.1. * 111 ' 

arm be AA,. . ., n . tl . \ \, At A', 

I. Take any line A'A,' equal am^pa'; ca * h cqV1;i l and 

A/, introduce opposite forccs l . ’ C not affect the system, 
parallel to P. This superposition docs noc 

Let A'A, and AA,' 
meet at their middle 
point C. Now the forces 
P at A and P, at A,' are 
equivalent to a force UP 
at C ; and the forces P 
at A' and P, at A, are 
equivalent to a force 2P ' 
at C as shewn. But the 
forces at C balance and 
we are left with the 
couple (P', P x ') with the arm A A, • 
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II. Turn the line AA, about its middle point C to any 
other position A'A,'. At A', A,\ introduce opposite forces 
P, P' and Pj, P,', each equal to P and perpendicular to A'A,'. 
This superposition does not affect the system. 



Now the forces P at A and P 
at A' are equivalent to a force 
2P sin 0 along the bisector of 
angle ACA' ; and the forces P, 
at Aj and P, at A,' are equivalent 
to a force 2P sin 0 along the 
bisector of angle AjCA,'. But 
these balance and we are left 
with the couple (P', P,) with the 
arm A'A,'. 


III. Let BB, be the arm of the new couple and Q be one 
of the forces in it ; 
then 

P. AA, = Q. BB,. 

At B. B, introduce 
opposite forces Q' ( 

Q and Q,. Q,' each 

c<pial to Q and perpendicular to BB,. This superposition does 

not affect the system 

• • 



Now the forces Q' at B and I* at A are equivalent to a 
paradel force P-Q at 0 since P. CA = Q. CB ; and the forces 
Q, at B, and P, at A, are equivalent to a force P, — Q, at C.* 
But these balance and we are left with the couple (Q QA with 
the arm BB,. 1 


22. Composition of Couples.—It follows now that two 

r, ‘ u P']* " r ' equivalent if they have the name moments (both in 
magnitude and sign). 

Kor let the couples bo (p. p)* and (Q. q) such that . 

P. p = Q. q 

The couples can bo rotated and translated so that t heir arms 
V n , ,; s '' no straight line and have the same middle point 
, ( !' n " ^ Art 21). Fhe arm of one of the couples, say 
(V, 7). can now be altered to p. Thus this couple becomes 

( p ' c - P)‘ ^hus the two couples are equivalent. 

I o find the resultant of any number of couples. 

Let the COu P l 09 be (P.. ft), (P«. P*> ? . These may b 

and of r*™" ~irTwIiioh' omTcTf th eforcee 
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replaced l>y couples (1*,. />,), 1 » /'i ).* a " ot ' v * ,ic *‘ * ia '° 

the same arm. Thus all the couples are equivalent to a single 

couple ( P. + Y>iPl + I>3 +. ,,f 

V P ' Pl 

|> p \ 

which the moment = ■ 1\ + ’ +./ 

/'i 

= S (I» 

= sum of the moments of the given couples. 


EXERCISES III 

1. The resultant of parallel forces 1* at A and Rjaj R 

passes through C on AH so that A< - "• ,l '■ . t 

resultant of II at A and Q at B piss also through C. she * that 

a : h = P-R : R-Q 

2. If two equal and opposite forces R, iii an> t\\o pa -dh I 

lines at distance b apart, are combined win "" ' ‘ 

I>, Q in their plane and parallel t . them she« that the „sul- 

tant of the latter is displaced a distance -K (1 - J 

3 The resultant of two like parnUel forces l’. Q passes 
through a point O. If P be replaced bv Q. and Q ' J' 1 A 
resultant still passes through O N«>w d R «ij«l ^ ‘ • 

Q respectivelv, shew that the resultant w s 1 l MSS 

O if 

S = R - (Q—RV-/(P—Qr 

4. A uniform rigid r, ,1 weighing in .'1- 

n fixed horizontal beam by three equal |b j | „ on t | ie 

and one at. the middle point. A weight of t ’ lenath 

rod at a distance from one end equal to one- hr, I ™g 

Assuming the wires stretch equally for equal loads, ftml the pun 

in each wire. . , ,, > • 

5. A square horizontal trap ‘h»» f • \^sts en a small 

hinged at two adjacent corners . t 7 s jdo from one 

obstacle which is one third of the lengt h of he s.do n 

angle. Find the forces on the obstacle and on each 
hinges. 

6. A straight uniform beam AB of weight 20 fta. U -Pj-or- 

ted byalightcordCDbH. attachrd o^ ^ of a roU( , h 

horizontal^cylincler. wh^axis is perpendiculars to Alt The 
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portions DC and FG of the cord are vertical, and the . centre 
of the berm is vertically below the axis of the cylinder. 


• c 



20 lbs 


Slipping of the cord on the cylinder occurs when the ratio of 

the tensions in the two vertical portions of the string exceeds 
1 *5. 

A vertical load \V can be placed any where between C and 

« on the beam without causing slipping. Shew that W cannot 
exceed . r » lbs. 

7. A horizontal beam, 7 feet long, rests symmetrically on 

wo supports, 4 feet apart. Loads of 00, 20 and 80 lbs! nre 

mug on the beam at points 1, 3 and 5 feet from one end. 

i eplccting the weight of the beam, find the reactions at the 
supports. 

At what distance must a 00 lbs. load be placed in order that 
reactions shall be equal ? 

8. Two uniform rods, ACB and CBD, each of length 6 feet 

Hi'-' f ’ l0 f 11)8 ’ arc bolted together at B and C so that 

<1 r “ ^ ,e em ^ 8 A. and 1) rest on supports in a horizon¬ 

tal tine. Find the force on each of the. bolts. 

9 ‘ A of weight 20 lbs. and 20 feet in length, rests 

nn two supports in the same horizontal plane at a distance of 
» feet apart. Weight* of 0 lbs. and 14 lbs. are fastened to the 
, S , f the , plank. Find the distances of the centre of the 
piank trora the supports when the reactions at the supports are 
equal in magnitude. 1 r 
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10. A door weighing 40 lbs to hung on two hinges 4 feet 
apart in the same vertical line. The centroid of the door is 
U feet from the line of the hinges. Find the magnitude of he 
reaction at each hinge on the assumption that two-thirds of tin- 
weight of the door is borne by the lower lunge. 

11 A plank, whose weight and thickness can he neglected 

forms a see-saw and rolls on a rough circular log, of radius a 
IT.*;® ntallv Two persons B and C stand on the plank 
fixed honzo • 1 middle point, their weights being 

IhfhaT he seo saw ^balanced horiz »ntally with the middle 

such that the . B move3 a distance d towards the 

centre rf the sec-saw. Shew that the plank will turn through 
an angle «lc/(ah+ac) radians to its new pos.t.on rfcqo.hbr.um. 

12 Within the triangle ABC a point I' is chosen, and the 

line AP isproducedtoc.it BC in 1). Equal parallel forces m 

tiro nlme of the triangle act at A. B, C, 1 and an equal but 
the plane 0 . , : icts at D. Find the position of P in 

ord P e°r thr their resultant may pass through P, independent of 
the directions of the forces. 

It Two equal spans AB and BC. each 20 feet wide, are 

, • >1 i * it-iifflit lipims 4D and DC which are connected 
bridged by two straigM beams AP and DC are 20 feet 

by a smooth hinge at V. xne ,mints 

id 14 ^et respective^. T'mreJ£ « £££ 

S 15 & and f feet f from A Find the force at the hinge 
and the loads at the three supports A. B and C. 

14. The beam of a balance is of weight w and length: 

us - 

one pan produces a deflection 0 gi\ en >> 

tan 6 —+(iT+2W)rf 

What is the condition that the sensitiveness of the balance 

may be independent of the load ? 

,«= Two weights w v w t are connected by a string and lie 

on^a smooth ;. 0 1 h 'shew G tequilibrium! 

ScVoid ?oining e tbem is inclined at angle 0 to the horizontal 
given by 

, 

t,in 9 “■"STTw, 

If the string subtends an angle a, what is the value of 6 ? 
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1(5. A light rod carries weights m and n at its ends. A 
light string is attached to the ends and passes over a rough 
rail at O. Prove that when AB hangs freely under gravity, the 
tensions in OA and OB are in the ratio m. OA and n. OB. 

17. A horizontal shaft, free to rotate in bearings, has two 
equal weights W attached to it by means of rods as shewn in 


/ 



the diagram. When the arrangement is in the equilibrium, a 
pull is slowly applied at the end of a cord A wrapped 
round the shaft. Shew that if the pull is not too large, the 
shaft will turn through an angle 6 given by 


sin 0 


P. r 
W. R ; 


and that, if P exceeds a certain value, the shaft will not come 
t n rest. 


is mounted on a horizontal axis which can 
turn in V— shaped hearings. Calculate the least weight to 
which will produce rotation when hung from the flywheel, given 
the h.Mowing data : weight of flywheel and axle 200 lbs, radius 
"i axle I ineh, angle ot V 00 degrees, coefficient of friction 

IP. A heavy uniform cylinder, of 
vn ‘' U1 '' '» lies with its axis horizontal 
h ■' I 'lgc right-angled V notch, whose 
• e equally inclined to the vert : - 
is acted mi l>v a horizontal 


>';■ i. 


I * • 


•' whose line of action is at dis¬ 
tance T. from the axis of the cylinder 
;u,(i at rigrli’ ogles to that axis (See 

"iagram). Shew that motion will just 
occur if 

F __ Bjxa v /2 

L + p 2 (L -f r» 

where IP is the weight of the cylinder 
and IX is the coefficient of friction (the saute for both sides 
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of the notch). It may be assumed that the cylinder remains 
in contact with both sides of the notch. 

•>n The arms of a balance are of unequal length, but the 
beam ’ remains in a horizontal position when scale pans are not 
loaded Shew that if a body is weighed successively in each 
scale-pan, its true weight is the geometrical mean between its 

apparent weights. 

Shew also that if a trader appears to weigh out equal 
quantities of the same substance, using alternately each of the 
scale- pans, he will defraud himself. 

01 A wheel situated in a vertical plane is free to turn 
ahoutits centre C. A uniform rod AH. weight \\ . is smoothly 
hinged at A, which is to the left of and at the^same level as 
C and the rod rests in contact with the wheel at 1>. It 
the coefficient of friction between the rod and the whee,. pro\e 
that°to turn the wheel a couple is required of which the moment 

is greater than 

(xW.AB.CD 

SLAC ‘ 

Prove also that, when the wheel rotates in a cl ° ck jUe 
direction and the rod is inclined to the horizontal at the angle 
of friction, the reaction at A will be vertical. 

02. A uniform ladder rests, with one end on the ground 
and the other against a vertical wall, m a plane pcrpem n u . 
io the line of intersection of the wall and the ground. I he 
coefficients 6 of friction between the wall amthe ladder and 
between the ground and the ladder are both equal to an l- • 

Show that the inclination of the ladder to tin* gioum <• 

he less than 60 degrees. 

Show also that the ladder can rest at an in«;hnaUon of 30 
degrees if a weight 1 {^3 + D of its own is attached to 
lower end. 

23. Parallel forces 2P, P.-P (two like ami one unlike act 
at the vertices A, B, C of a triangle. Show that the ccntie 
these parallel forces is G where BRAG is a parallelogram, Al 
being the median of the triangle ABC through A. 

24. A uniform rod AB. of weight W rests honzontallymj 

props at M and N, where 9 AM = .» AN - AH 

remains at rest when weights P and Q hang from A and B. 

Prove that 

OP + W > 4Q > 2P - W. 

Prove that, if Q = P, an additional force 
H, will disturb equilibrium cannot be less than (2 d ) 4, 
whether it act upwards or downwards. -X 

■ “- 9 - 9 ? 
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28. Shew that the relation between the distance x, a man 
of weight W can climb up a uniform ladder of length l and 
weight w without the ladder slipping, and tan 0 is 

X = j( 1 + -yy-) * t,m 0 2\V ’ 

where Q is the angle of inclination of the ladder to the horizon¬ 
tal. The lower end of the ladder rests on the horizontal plane 
and the coefficient of friction between the ladder and this plane 
is 0 25. The upper end of the ladder rests against a smooth 

vertical wall. 

29 A light cord is supported at two points 15 inches apart 
in a horizontal line. At distances, measured horizontally from 
one end of 5, 10 and 12 inches, are hung loads of 1-. 1" and 8 
lbs respectively. The sag at the point where 12 lbs load is 

attached is 3 inches. 

Draw the form of the string half full size. 

30. The given diagram shews five weights M,. M.,, M 3 , M 4 
and M 5 which may be considered as concentrated at coplanur 


M, 



points A, B, C, D and E respectively. The distances of these 
points from a coplanar point 0 are respect veh O,A - - 0, 
A R _ 9 .K or— 1-5 OD = 2, OE = 3 (all in feet). It M, — - 0 , 
Mo = 16, M 3 = 24 (all in pounds), calculate M, and M s so that 
the centre of gravity of the weights shall be at 0. 

Verify that the couples of.moments M, X (OA), M, X ( ), 

M, x (0C), M, X (OD) and M, x (OE) form a closed polygon. 

[The centre of gravity of the weight. i» merely the point in the plane 
ABODE through which thoir resultant acts. 

It should bo noted that a couple possesses twle » and ■ sac w >« 

represented by a line which is draw,. iporpo.id.cu arto .the piano m 
the couple acts. Couples may thus bo compounded like forces.J 
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31. The accompanying figure illustrates a simple form of a 
suspension bridge in which the roadway consists of two beams 
PQ, RQ freely hinged together at Q and supported by three 
vertical tie roads, hung from the chain of light rods ABODE. 



Prove that, for the uiven form of the chain, the tension in the 
tie rods must be the same, and shew that this tension atnounts 
to 3J tons when the beam PQ is loaded in the given manner. 
The weights of the beams are neglected. 

[The first part is easily proved. To provo tlio second, supposo that 
tho tension in each suspender is T and that the vertical reaction at P and 
R are X, Y respectively. Then resolving vertically, X- 1 -Y + 3T— 10=0 ; 
and taking moments about Q for tho two beams PQ, RQ, we have 

:i2X I- 1GT —80=0 and 32 Y -f 16 T = 0 - 

whence X — — J tons. Y — — tons. T — 3J tons.] 

32. In the previous example, suppose that tho roadway is 
suspended by any number of tie rods and that its length is Z. 
When a load is on the beam PQ, it is assumed that each sus¬ 
pender takes up the same tension which is represented by p 
per line/d foot. X and Y denote the vertical reactions at P and 
R respectively. 

(1) A load W acts at L distant x from P. Prove that 
X (1 - 3 x!l) W. Y =— W*/Z and p =4 W*/Z*. 

(-) \ uniformly distributed load, w per lineal foot, covers 
the length PL. Prove that 



one et> 1 


If one of the two supports of the beam is at a distance of 5 
feet from the same end. find graphically the position of the 
other support if it is to take 35 cwt of the load 
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34 The given diagram is a plan of three inter-locked spars 
spanning the mouth of a pit. They are supported at the points 



A. Band C and may be regarded as making at 1>. K and 1- 
point contacts only. 

DE=EF=FD=FG=GC= J ADe] BE. 

Find the thrust between the spars at the points D. E and * 

due to a load of 19 lbs at the point O. 

3 r. A Btri nc is loaded with equal particles, each of weight 

u'» SO that, in equilibrium, the "^fV.Xnote the ordinate 

in the plane of the -ring. 

shew that 

yr+i-2y»+y»- 

where T 0 denotes the horizontal tension. 

Prove that y-sA+B » + H*««/T.. 

where A and B are constants, statistics this equation. 

". nf t i, e particles be at the lowest point 

Prove also that if one 01 t I , i 

of the string, all of then, will he on the parabola 

y = y 0 +u' (x*-\-ax)l2a T a . 

36. A pair of compasses is place. > . y milin „ pos i,ions 

smooth pegs in a horizontal hue. hu* « that l.m«tm c I 
of equilibrium are given by 
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W (c - -a sin 3 #) = ± N sin 2 # 

where # — the inclination of either leg to the vertical, 

W = the weight of either leg, 

2c == the distance between the pegs, 
a = the distance of the centre of gravity of 
either leg from the joint, 

N = the friction couple at the joint. 

37. If n concentrated loads be suspended from a light chain 
with fixed ends, write down the equations of equilibrium and 
shew that two other quantities must be given for the solution 
of the problem. 

If the ends of the chain be at the same height and 2» loads 
are suspended symmetrically from it, and the end inclinations 
are =fca, sketch the funicular polygon and find the inclinations 
of the other parts of the chain. 

If the end inclinations to the vertical are jS 3 and 90° and H 
is the horizontal pull on the points of attachment, shew that 

H cot p = u\ -f w» 2 +. 

where w x , u> 2 ,.are the various loads. 

[\\ ith the notation of the Note Art. 19, we have 


“'i + + .—T sin a — T' sin a '. T cos a = T' cos a ' * H. 

whors T, 1' aro tin tensions in tne end links and a, a' thoir inclinations 
to the horizontal.) 


38. A chain, symmetrical on each side of its central point 
and hanging in a vertical plane, is fixed at each end to two 
supports on the same level; if. is formed of nine links of varying 
weights ; the lightest, weighing 2 cwt, lies horizontally at the 
< <-n re of the system ; the links increase 1 cwt each as they 
approach the points of support ; the angle, made by the links 
connected to the supports, is 30° with the horizontal. Find 

(o) the force in the central link. 

{!)) the force in each link adjacent to the supports, 

(0 the horizontal and vertical components of the force 
on the supporting points. 


un at iio lA fi f °'. lr eqUal rods ' cach of "eight W, is hoi 
" P lSf* A ’ ? ,n the S!lme horizontal. If the points c 

dtawn mtil the horizontal component 

the length of ? T i™'' 2 " ■ ,hw AB = 3-54 time 
length of a rod and determine the slope of each rod 

• -Jtt is A hune'L° AB ^ r S . «“•*«» to a fixed point O. . 

, 0 is such that l°^ ^ < )0 ! n < 3 A, B. C and the posilio 

such that Cl) ,, horizontal and that the tension in it : 
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W Explain how to draw a vector diagram shewing the ten¬ 
sions in OA, AB, BC, CD. Calculate to the nearest minute 

the angles which OA, AB, BC make 'wth 

the product of the tensions in OA, AB, BC is 10 \\ • 

41. A table, supported on four symmetrically placed 

vertical legs forming a square of side «, has a eiru « 
diameter d. The weight of the table is W am midway 

leg is to. A weight P is placed on the edge o u • I * 

between two le?s. Find t he vertical pressures be ween tl- 
ground and two legs and shew that the greatvalue 

P so that the table does not overturn is (W + 4 h 

[On account of the symmetrical .position of ^ p^tTou'lar 

only two unknown pressures and so this P r , cnn „ot bo solved, 

case. b> solved. The general problem, as is obvious. 

It should bo noted that the table will <> ovist, 

between the ground and the logs furthest iron, the load 1 

that is to say, becomes negative.! 

42. A circular table of weight 60 lbs. is carnet y ace ^ 

support having three legs resting on a “'” z °^ entre 3upp0 rt as 
table top is capable of rotation about meet, tlu* ground 

axis, and the legs, which are equally spaced [mtetw ^ 
on a circle of diameter 2 feet. Iho cen r* ° U - C j rc . u |, ir 
table is in the vertical line tjirou^ 

tvp. A mass of 40 lbs is placed on the table-t es l)0 . 

of 18 inches from the centre. Find the vei '^ ver tical pl um 
tween the ground and the legs when the 'ert 

containing the mass of 40 lbs. and 1 .. j e „ s and 

top passes through the point of contact of one ot the - 

the ground. . , . , . 

What is the greatest distance from the centre ol^ ,, e 
top that the mass can be placed m> < turning ? 

rotated to any position without « c * o^JZ. L 

[Sine© the thro© legs determine contact v*' tho reI „ oV al of a log in the 
can always bo solved. It is to bo notice* ■ ,. 0 uilibrium but reduces it 
previous problem does not, as a rule, affect tlio p 

to one of this type.] . . 00 n. | ia . s three 

43. A uniform circular ta l ,lc ’ '' cl f ), .viTii h lie at the col¬ 
lege at points of circumference I, O an v n, tA placed 

ners of an equilateral triangle. A n' ,,, the mid-point of 

at the mid-point of PQ, another ot 10 • • V ny between 

PR, and a Jhird weight of 15 ^^^ees““ each leg 

P and the centre of the table. Tin table 

Another load W is now placed over the edge f ^ 

at the end of the diameter through 1 . I »‘ <l 

ofW will upset the table. t -i., e m 

44. The given figure represents a cantde h &xU 

which CA can be raised by rotation about a homo 
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through C. When in the position shown the bridge carries a 
load W uniformly distributed along CA. Prove that the ten- 



§ 4. FORCES IN GENERAL 

.b.? e vSr^ 1 ™M^r I p * rigi “ P bod ^ e 

f, «“-.. f o— v„ p,;: :; pa r^- to Zt 

directions, at anv arbitrarilv 
chosen base O. together with 

.. 

. PIe p s denotes the prepen- 
uicular from O on the line oi 

«oi ,0 Th° f f P * (Ej S mple L Art 

-")• The forces P,, P 2> .p M 

at. O reduce to a single resul¬ 
tant force R at 0; and 
the couples reduce to a 
single resultant couple of 
moment G= 5 (P_p). 

If neither R, nor G be zero, 
t hen t he system reduces to sin¬ 
gle force. For let the arm of 

R til*.: G-R Let the cottple b^Zied^oToUu W™ 

m°the r< figure Uen T ° ? ‘*7™ r“° S ""' ou ?' 1 0 08 sh »'™ 
ngure. then the equal and opposite forces R at 0 
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balance, leaving the single force R, acting parallel to its 
original direction, at a distance r from U. 

Thus we obtain the following three cases : 

I. If neither R nor G be zero or if only G be zero, then 

the svstein reduces to single forse. 

IL If R be zero, then the system reduces to a single 

C °II[ e ' If both R and G be zero, then the system is in equi¬ 
librium. . . 

Thus for a rigid bod>, to be in equilibrium under the action 
of any'systeniof co planar forces, it is necessary and sufficient 

that both R mid O should vanish 

The conditions are. as seen above, necessary. 1 hey are 
i m . F,»r if R = 0 the system must reduce to a toiiple 
also sufficient lH»rifR-R ‘ . = u ( . unnot reduce to a 

or be in equilibrium , jmu - |,KC 

couple. . _ 

94 Conditions of equilibrium (continued).-* roin the 
above, we “Stain the blowing three equivalent sets o, con¬ 
ditions of equilibrium ot a i igi« bods. 

I The resolved parts of the forces in any two direction.s 
should vanish and the moment of the forces about any point 

should vanish. 

The first, ensures that R = 0, and the second that t. it 
IT The moment of the. force , about untj two jromt* tthoul* 

Let the points be A. and A, Smce tttontent a «>* A, 

0 , G = 0 and R an list l»« ‘Iif K. The 
pass through A 2 . Thus A,- 2 . a n«»lo « with A,A 2 is 

Rtru P This 0 va 1 nishea' ! Ind" so R' tmtsl he 0. since , is not 
''In 0 Tie rnonten's of ,be forces about auy three non-colUnear 

points should vanish. 


iy two rectangular axes Ox. O// jn " ;lk( . with .r-nxis 

Let Urn force V. act at the point (h, M anU f R at 0 

the angle a. Then the forces are equnaluU ^ ^ 

and a couple G. HR makes «n r 

XsRcosM a 

V — It sin 0 = ^1* ‘‘in « 

G - v(Pp) = 2E (* »»» a ~ k CoS a) 
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Now if we choose the point ( x , y) as the arbitrary base, the 
resultant couple G' is 

G' = 2P [ (h — x) sin a — (k — y) cos a] 

= 2P(ft sin- a — k cos a) — x%Y sin a -f y};P cos a. 

= G- xY + jX. 

If neither R nor G be 0, then the system reduces to a single 
force. If (x, y) be a point on the line of action of single force, 
then the couple at this point must vanish. 

Thus G — x Y + y X = 0. 

This is, therefore, the equation of the line of action of R. 

The conditions of equilibrium II and III of the last article 
may now be obtained as follows : 

Condition IT. Let A v A 2 be the points (x 1% t/ 1 ) and (x 2 , y t ) 
The couples Gj, G, about these vanish: thus 

G, = G — Xj Y + y x X = 0, 

G 2 = G — x 2 Y -f y„ X = 0, 
ai >3 R cos {0* —f) == X cos < Y sin « = 0, 


( being the direction of any line L. 

From these X (y 3 - Vl ) = Y (x t - 
" hence X = 0 and Y = 0 



(unless L and A t A 2 are at right ancles to one another); and con¬ 
sequently 


G = 0. 

Condition III. Let A,, A.,, A, be the points (r lt y,), (x a , y a ) 
and (x 3 , f/.J. T hen 

G. — G — x, Y 4 - >/, Y = 0, [s= 1,2,3] 

whence X = 0, Y = 0 , G = 0, 


unless 


Vi 

Vi 


1 

1 


= 0 , 


x 3 ?/a 1 . 

i.r.. tin.ess t«»e three points are eolliuear. 

There arc problems in Statics for the solution of which 
tbe.,e. comions ol equdibrium are sufficient. There are others 
wtuch cannot, be solved without reference to the elastio 
properties of the materials of which the bodies are made, 
borne oi these problems will be treated in Part II of this work 

!hc '4';"''“ E , lll8tie B “ aies ' « shall consider 

the soluble problems of plane Statics. 

£ ive J ,oinls A 'R,C,D,h,, lie on a horizontal 
plane. Forces F ±, Fu . Fe, F» , act at A,B,C,D, E 
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respectively. The rectangular coordinates (x, y) of the points and 
the (X, Y) components of the forces are given in the schedule : 



! i A 

I B 

| c 

’ D 

E 

x feet 

l| 1 

-2 

o 

A* 

3 

-1 

y feet 

!L 2 

o 

Am 

4 

‘ -1 

-2 

X lbs 

o 

-2 

i 4 

-3 

1 

Y lbs 

4 

4 

-3 

2 

1 


l___ 

Reduce the system to a single force It acting at the origin and 
a couple G. Give the magnitude and direction of > an 
magnitude and sense of G. 

Find the line of action of the resultant of the system of forces. 

Let R make angle 0 with ar-axis ; then 

R cos 0 = 2 X = 2 — 2 + 4 — 3 + 1 = 2 lbs, 

and R sin 0 = SY = 4 + 4 - 3 + 2 + 1 = 8 lbs - 

R = V8 2 + 2 2 = 2\/l~ = 8-24G lbs, 

and $ = tan -1 4 = 76 degrees. 

Now G = 2 ( - xY + yX) , « 2 > 

_(4 8 - « + 6 - 1) + (4-4 + 16 + 3-2) 

“ 22 ' 22 2-67 ft 

The single force nets at a distance of 


• . 1 Ilf Billon* IUIW /iv »o «»v «• - 0\/ 17 

... e o-A7 oosoc 0 or 

from the origin cutting .r-nxis at a distance • resu |tant is 

2 7/5 feet, from the origin. The line of action of the results 

Example 2. Two egtal fraLs AOO, BOD ore ouppnrled by 



hinges at C and D and arc connected by a 
line AOR is horizontal and AC ana 


smooth hinge at O. 'I he 
BD are vertical. * he 
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distance AR is 100 feet and 0 is 30 feet above CD. The weight 
of each frame is 50 tons and the distance between their centres of 
gravity is SO feet. 

Wh°n a load W of 20 tons rests on AO at a distance of p feet 
from A, the horizontal and vertical forces exerted by the frame BOD 
on AOC at O are (in 'ons weigh') X towards A and Y upwards. 

Find the forces X and Y and shew that 3X — 5Y — 50. 

The frame AOC exerts at 0 on BOD horizontal force X 
towards B and vertical force Y downward. The other forces 
acting on the frame BOD are its weight and the reaction 
through D. These being in equilibrium, we have, by taking 
moments about D, 

Y. 50 - X. 30 + 50 X 10 = 0, 
or 3 X - 5 Y = 50. 

The frame AOC is in equilibrium under forces X at O to¬ 
wards A, Y at O vertically upwards, the load W, its own 
weight and the reaction at C. Taking moments about C, we 
obtain 


X. 30 Y. 50 — W. p — 50. 10 = 0 
or 3 X -t- 5 Y = 50 + 2 p 

X = l (p 4- 50), Y = pin. 

Example 3. .1 body of weight If’ is supported by two 

Vi rticnl strings attached to two points A and R in the body. If’/ten 
the tension in the siring at A is im reused by an amount T, the 
i net, not ,ou of AR to the vertical changes from d to <f>. Show that 
th< distance of the centre of gravity of the body from AR is 

r A R 

it’ cot 0 — cot 

L-t fl bn the centre of gravity and let. CL be the perpendi¬ 
cular from O on AB. Set BL = r. CL = „. 

! iie forces acting on the bodv are the tensions in the 
strings and the weight W. Taking moments about B. 

T\ AB sin 0 -- W ( r sin P — y cos 0) 
iW. ' :c \* denotes »ho tension in the string at A), 

' r P- AB = \Y (x — ,/ cot 0). 

Wh, ' n r beeomw r + T. 0 becomes and so 
( P ^ T >- AB = W U - V cot. *). 
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Subtracting, we obtain 

, = T A1 * 

^ W cot 0 — cot 6 

Example 4. In the mechanism shewn in the figure below 
the part B can slide without friction along AC. If the force 
P balances \V. prove that 

y 

HM.AC ’ 

where B V and DM are perpendiculars on A D and AC respectively. 

Since there is no friction at B, the resultant force R. exerted 
between the slide B and the arm AC, is prependicular to it. 
The only force on the arm AC, is the reaction at A ; so taking 
moments about A, we have 

R. AB = P. AC. 



Again R must be equal and opposite to the resultant of the 
weight W and the thrust exerted by the arm BD. Resolving 
perpendicularly to BP. we have 

W sin BP A = R cos DBC, 


or 


7 BN _ AC BM 
• BP AB' BP ’ 


or 



BN. AB . 
BM. AC 


Example 5 Two ladders are connected as shewn The 
rungs at B are lashed together and the end C of the ladder AC 
touches the ladder BD, there being no points of contact between C 
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and B. Frictional resistances at. D and C are sufficiently small 
to be neglected. 



Shew that the total pull in the lashing at B, due to a man of 
weight W standing at a point B, is given by 


IF x sin 9 


V >.2 ' 


tan'Q. 


a+b+ c * n* 1 

Let the required pull be T and let X, Y be its components 
perpendicular and parallel to the ladder. 

Let R be the reaction at C; this is perpendicular to the 
,lf 1 ( r Slnce the frictional resistance at C can be neglected. 

Taking moments about A for the ladder ABC, 

W. x sin P -f X. a = R (a -j- b); 

’•nd about D for the ladder BCD, 

X (b + c) = R. c, 


"'lienee 


W x sin 9 
r. + h X c 


= R _ X = — X. 


since the friction i! resistance at D is negligible, the 

i'»n at D is horizontal ; so for the ladder BCD. resolving 
veruc-allv 9 


(R ~ X > 3in 0 = Y cos 0, or Y = (R - X) tan 9. 

T — , \"2 _l_ v W x sin 6 ! c ~ 

" r ~' X 0+ 6+c + ,an,e - 


rf L™ pl ', 6 vl drrdqiaq grab consists of two equal raws 
pivoted together at Q f ormin g u . he „ dosed ( he srgm \ ts J gf 
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cylinder with closed ends and axis at 0. The weight of each jaiv 
is w, and when the jaioi are closed, the centre of gravity of each 
i8 at a distance x from the vertical plane through 0. To discharge 
the load, the lifting force is transferred from the pivot 0 to the 
point C, the weight being then taken by the links AC and BC. 

If the grab contains a weight W of liquid mud, shew that it 
will lend to open in this position provided that 


tan a < tan — 


2 w x 

(IF 4 - 2 w) r cos p 


where r is the length of OA and OB. 



Let T be the pull in AC, BC ; (hen resolvin'? vertically 

2 T cos a = W + 2 w. 

The pulls T tend to separate tlie jaws while their weights w 
tend to close them. Considering one of the jaws, we see that 
the grab will tend to open if the moment of the pull l a x>ut 
0 is greater than the moment of the weight w about U, 

i.e. if T r sin (ft — a) > w x, 

i.e. if r cos j3 (tan p — tan a) > 2 w x/(\\ + 2w) 

i.e. if tan a < tan p - 2 w */(W + 2 w) r cos p. 

Example 7. A heavy equilateral triangle of side a and 
weight W is suspended in a horizontal posit,on by three vertical 
cords, each of length l, which are attached to the ceding A 
couple of moment M is applied to the triangle in its plane, * ind 
how high the triangle would rise. 

Let A'B'C' be the original position of the,triangle, ABC its 
displaced position and abc the projection of A 1 C in u p ane 
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< 


of ABC. Let <{> be the inclinations of PA, QB, RC to the vertical 
and 9 the angle through which the triangle is ‘twisted.’ Let 0 
be the centroid of the trianglo ABC, and consider any side, say 
AB (see the figure below). 



The angle aOA is 0 and if OL be the perpendicular on oA 
we have 

OL = OA cos i (aOA) = A cos (where A=OA=a/V3) 
«nn a A = 20 A sin 1 (aOA) = 2A sin 19 ; 

a A = PA sin tf> = l sin cf>. 

2 A sin 19 = l sin </>. 

if z be the height through which the triangle rises, we have 
c —aA.' = PA' — Pa— l (1 — cos <f>). 


Lf-t T denote the tension in each of the cords PA, QB, RC ; 

then resolving vertically, 

W — 3T cos <f> =0 ; 
and taking moments about 0. 

M - 'JT sin <f>. OL =0. 


M = A W tan <f> cos 10. 


Hence W 2 ! 2 sin 2 
This is a quad 
value, 


== 4A=W* sin 2 id = 4 A 2 W 2 — 4M* cot 2 <f>. 
ratio m siu 2 0. Solving and taking the smaller 


| W 2 I s sin*<£ = M 2 + A*W a — V(M 3 + a 2 W 2 ) 2 — M*W* 1* 
Substituting, we obtain z. 
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Example 8. The diagram shews a loose pulley P of external 
radius ti. internal radius r and 


weight W lbs, rotating on a 
shaft S which makes a loose 
jit in the pulley hole. On 
account of friction between 
shaft and pulley, the tensions 
in the parallel and horizontal 
parts of the belt driving the 
pulley are unequal, viz T and 
T x lbs as shewn. Write 
down the three equations which 
enable N, 9 and x to be found 
and shew that x is given by 

s 2 I2 2 =r 2 sm 2 A ((27+*)*+FT*], 



where }\ is the angle of friction for shaft and pulley so that 
tan A = (x. 

The forces are as shown. 

Resolving horizontally, 

N sin 9 + fxN cos 9 — (T + x) T =0, 
and vertically. N cos 0 — |xN sin 9 — W =0 , 

also taking moments about the centre, 

(T + x). R — T. R - n N. r =0. 
qi* x R — |x N. r. 

From the first two, 

W 2 + (2T + x ) 2 = N 2 [ (sin 9 + [x cos 0) 2 + (cos 9 — fx sin 0) 2 | 

= ( 14 - (z 2 ; N 2 = N 2 sec 2 V 
' s 2 R 2 = |x 2 NV 2 = r 2 sin 2 * lW 2 + (2T + xf ]• 

q rph e w heel base of a motor car is 9 5 feet and 
the height of the centre of gravity, which is midway between the 
axles, is 3 feel. If the car is in mo'ion and is H 

by applying the brakes, shew that the rafio of f /y; c /; ona j 
brought into play by locking the front wheels only to the >ct onal 
forces when locking the back wheels only is 11 to 8, if friction 
between the tyres and the ground is 0 5. 

Let h be the length of the perpendicular• from. 

. gravity to the ground and let this perpen wheels into 

joining the points of contact ot the rear anu 

segments a and b. , . 

Let R and S denote the reactions at the rear and front 



68 ELEMENTS OF STATICS [Art. 25. 

wheels respectively, W the weight of the car and p the co¬ 
efficient of friction. 

(1) When the rear wheels are locked, the frictional foroe F t 
acts so as to oppose the motion. If there is no skidding, F, 
must not exceed p R. 

Resolving vertically and taking moments about the centre 
of gravity, we have 



R + S = W, Fj = pR, 
and S. 6 - R. a-F,. h =-- 0, 

whence F, — _ b(iW 

a + b -}- yJi 

(2) Similarly, when the front, wheels are locked, the force of 
friction called into plav is 

F„ = _ 

« + b — y,h' 

In the present case, a = 6 = 4| feet, h = 3 feet : and 
P = (Vo and so 


F i = 19W/88, F„ = 19W/64 ; 
or t t F 2 : F x — 11 8. 

[(•() A ole. Suppose that the brakes arc applied on all the 

ICC s ’ ina j k ‘‘ v aro adjusted so that the greatest retarding 
Oico is produced without any skidding taking place.' Then 

= pR, Fo =pS 

and the equation of moments is 


S. b — Ra - Fj h - F a h=0, 

i.c. _ b — y.h 

S ci -j- j ih 

the rplTni lf , 8kid M, i ? g takes Place when the brakes are applied, 
vne rear wheels will be the first to skid 

lf Fj < Fo 

lf b - a < 2p h 

i.e. if b c -f 2 pA 

a''' c — 2y.h 


where c ( = a -f b) is the wheel base.] 
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Example 10. A light shallow rectangular drawer is of width 
a, while its length from front to back is l. It can be pulled out by 
two knobs attached to the front and at equal distances f from the 
sides. If a tension parallel to the sides is applied to only one 
knob, prove that the drawer will jam if the coefficient of friction 
between the sides and the casing exceeds 

ll(a-2f). 

Let p, be the coefficient of friction. 

The accompanying diagram is 
a horizontal plan of the drawer. 

If it jams when a pull P is applied 
to the knob F, it will press against 
the casing at B and D. Hence 
the forces acting on ihe drawer 
are as indicated. 

Resolving parallel to CD and 
AD, and taking moments about 

B, 

R = S, 

P = or < p (R + S) 

= or < 2ptS ; 

and P (a—/) =£ 

2p(a-/) = 

or p = or > l/(a — 2/). 

Example 11. The given figure is a vertical section of an 
arrangement in which the vertical plate III1 of weight M is 
gripped at K, L by two equal horizontal cylinders, each of radius 
r and weight m, their axes passing through A, R. The line AH is 
horizontal. The cylinders have axles C, D whose axes are at 



>1 + pSa. 
or > / + pa 



distances r from A, R and the axles turn with negligible friction in 
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bearings in a strong frame. The centres of gravity of the cylinders 
are at A, B. The coefficient of friction between the plate-and either 
cylinder is p and CAK = DBL = it — 0. 

6 

When (x < tan prove that the plate will not slip, if 

M _ 2\l cos 0 _ 

to <sin 0 — y. (1 cos 0) 

Q 

When (x > tan g-, shew that the plate will not slip for any 
finite value of Alim. 

The pressures between the plate and cylinders consist of, 
say (t) forces R at K, L acting horizontally and (it) forces S a£ 
K, L acting vertically upwards. 

Resolving vertically for the plate HH, 

2S = M. 


Now consider the equilibrium of one of the cylinders, say B' 
The forces acting on- it are : R horizontally towards B, S at L 
vertically downwards, its weight m vertically downwards 
through B and the reaction at the axle D. Taking moments 
about D, 

S (r + r cos 0) m r cos 0 — R r sin 0 = 0. 

'Ihc plate HH will slip or w»ll not slip, 
according as S>jxR or S <|xR, 

i.e. according as 2p cos 0 < or >^-^sin 0— p (1 A- cos 6 )^» 
(«) Let u < tan f # ; then sin 0>p (1 + cos 0). 

A- 

in this case, the plate will not slip if 

A ^ _2p cos 0 

ni sin 0 — u (1 -f- cos 0) ' 

{b) Let |x > tan ; then sin 0<p(l -f- cos 0). 

In this case, the right hand side of the above inequality is 
negative ; consequently cos 0 is always 

.Mf. v 

> m \ s,n 6 ~ V- (1 + cos 8) j- 

and therefore the plate will not slip whatever be the value of 
M/m. 
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Example 12. A uniform rough beam AB, length 2a and 
weight IF, rests horizontally on two others at the points A and C. 
A horizontal force P is applied at B in a direction perpendicular 
to BA. To find the value of P when the equilibrium is limiting. 

Let R, S be the vertical reactions at C and A. Then taking 
moments about A and C, we have (setting AC = b) 

R = W a/b and S = W (b - a)!b. 

The equilibrium will be broken by the beam turning either 
(1) about C or (2) about A whichever event gives the lesser 

value of P. 

In the fyrst case, taking moments about C, we get 

and in the second, taking moments about A, P — If* W. 

Hence the equilibrium is broken by the beam turning about 

C or A, according as 


6 — a 

a W "-r < or 


hi W 


2a — b 

i.e. according as & < or > ^ u l 3 

i.e. according as AC < or > 5 AB. 

Consequently the least value of P required is 

^ w (-£b-*> ifAC<§AB 

and W if AC > 3 AB - 

26. Graphical method. Funieubr or link Polygons-Let 

us for simplicity consider four forces A|A$, - 2 v 3 * i 1 0 

as 


04 



raw the force diagram a 1 a 2 a 3 a 4 a 5 to 

roes is given by a,a 6 in magnitude and direction. 
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find a point on the line of action of the resultant, we may 
proceed in either of the following ways : 

A. We may compound the forces AjA,, AjA 3 , by the 
parallelogram law, into a single force, AjA 3 , through their point 
of intersection ; then A l A 3 , A 3 A 4 into A X A 4 etc., till we obtain 
the resultant required. 

B. Take any point o in the plane of the force diagram. 
Starting from any point X, draw XCj, C,C 2 , C 2 C 3 , C 3 C 4l C 4 Y 
parallel respectively to oa v oa a , oa 3 , oa 4 and oa s so that C, lies 
on the line of action of A r A f+l ‘(r = 1, 2, 3, 4). 

Let the lines CjX, C 4 Y (produced if necessary) meet in C. 
Then C is a point on the resultant. 

For the force AjA 2 may be replaced by its components a,o, 
oa 2 , akng XCj, C 2 Cj ; A 2 A 3 by a 2 o, oa 3 , along CjC 2 , C 3 C 2 *, etc. 
etc. Of these, the components along C^Co, C 2 C 3 , C 3 C 4 balance. 
The system is therefore equivalent to forces a x o, a 3 o along XCj, 

C.,Y and so C is a point on the line of action of the resultant. 

The polygon XCjC 2 C 3 C 4 Y is called a link or a funicular 
polygon. Since the choice of the point X is arbitrary, the link 
polygons corresponding to a given pole o are all parallel figures. 
Again to each pole o, there corresponds a set of link polygons 
which possess the property that the locus of C is a straight line. 

Conditions of Equilibrium. If we reverse the resultant 

-L-'V'i %vc obtain a system of force§ of which the resultant 
vanishes.^ Lot. C,X meet the force A 5 A 1 in C 5 . Through C 4 , C 5 
draw C 4 \ , 0 5 Z parallel to oo 5 . There are two cases. 

Cr/.sc/. The lines C 4 Y, C 5 Z may remain distinct at a dis- 
tnnee .r apart. Ip. this case, the system is equivalent to two 
equal bu* unlike parallel forces of which the magnitude is given 
by n,p. Thus the system reduces to a single couple of which 
the moment is .r. oo c . 

Case 11. The lines C 4 Y, C fi Z mnv coincide. In this case, 
therefore, the system would be in equilibrium. 

Hence the necessary and sufficient conditions of equilibrium 
are that both force and link polygons must close. 

For it the force polygon closes, the system cannot reduce 
to a single force ; and if a link polygon closes, it cannot 
reduce to a single couple. 

Example 1. A thin circular disc is kept in equilibrium by 
four forces acting in the plane of the disc in the manner shewn in 
the given diagram. 
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Determine graphically the magnitude of the forces P, Q, R. 



This question may be done in either of the following 

manners. 

A. .Let the forces 1 lb and P meet in l T and forces Q. K 
meet in V. Since the forces are in equilibrium, the resultants 
of the pairs of forces must be equal and opposite and must act 
in the same line, so that UV must be this line. 

Set a 2 a. to represent the force of I lb on any convenient 
scale, and draw a.a. parallel to P and a 2 a 4 parallel u 
meet in a,. Then rr.a. represents the force I>. V scales off 
4*o lbs. 

Now a 4 a 2 represents the resultant of Q and R. 
a 4 > a a draw lines parallel to Q and R respectively o nu < 
then a i a 3 represents Q and a 3 a. } represents R. .^ca mg " . 
have Q = — 2-6 lbs, R = 4 lbs. 

B. Taking any funicular polygon (in this case,^th-s is i a 
quadrilateral) in the space diagram, draw the font, p 1 h 
force diagram with o as pole as shewn in the <h -o J ’ * J 3 
figure. Since the forces are in equilibrium, tlu*> unis 

As before, we scale off ,, 

P = 4 5 lbs, Q = - 2 6 lbs and R = 4 lb3 - 
It can be easily verified that tho following oxpicssions o 
resolutions and moment about the centre ot t io ISU 

satisfied. . OAO n 

P cos 15° + Q sin 25° - R cos 30° - sin -0 - . 

P sin 15° + Q cos 25° + R sin 30 - cos -0 - • 

ftnd - P sin 15° + Q sin 70° + R sin 75 - sin 20 - 0 . 
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Example 2. 7/ /7<e pole of a force diagram moves along a 
straight line, prove that the sides of the funicular polygon turn 
about fixed points which all lie on a parallel straight line. 

Let us, as before, consider five forces P, Q, R, S, T and 
suppose that they act as shown in diagram fi]. Let 
ABODE (diagram [»'£]) represent its force diagram. O and O' 
are two poles in this diagram and the corresponding funicular 
polygons are diawn in diagram [*]. 



Now the force P is equal to forces 


AO -f OB or AO' + O'B 
acting along xp yp xp' vp' 

Hence the forces 


acting at 
along 


O'B-4-OB are equivalent to O'A -f AO 


vp py ^ p'x xp 

These arc equivalent to forces O'O acting at y and O'O acting 
at -x respectively. This result is possible only if xy is parallel 

o OO Consequently x, y, z, .must be collinear and 

hence the proposition. 

It will bo noted that the point x in diagram [i] has been 

nor?! ra "‘ Iom * But havin S chosen x, it will be 

-turd that, n O moves along 00' the sides on the funicular 

parStToO' ° Ut tIuir intersections with a line through x 

wTrces T ''“I "' e r T c P is ,be "sultant of other 
we mav start f ‘ S ° ^™ US from above that, whatever point 
OD and ‘ "'‘“tover pole we may take, lines like 

resultant of kff ,,,lCrscc ‘ 0,1 ,be I’, that is to Bay, on the 
resultant of the forces. Hence tvo conclude that 
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Any two adjacent sides of a funicular polygon must always 
intersect on the same straight line whatever be the locus oj the poles 
in the force diagram. 

EXERCISES IV 

1. Two forces in one plane are represented in magnitude 

and line of action by two straight lines AB, CD. \ Ui 

their resultant is parallel to the line joining the middle points 

of AC and BD and is represented in magnitude by twice tne 
length of that line. Find the condition that the resultant maj 
actually act in that line. 

Four forces represented in magnitude and lines of action \ 
the lines AB, BC, CD, DA are in equilibrium. W hat do >■ e 
know must hold with regard to AC and B1 in ok. < r 
may be the case ? 

2. A rod is in equilibrium resting over the rim ot a srnoot i 

hemispherical bowl fixed with its axis vertu a . 1< - . 

the rod rests on the curved surface. Show that m . 

0 of the rod to the horizontal is given by 4r cis -9 - 

where l is the length of the rod and r the radius o 

Show also that Z must satisfy 

h^r < Z < 4r. 

3. Forces of magintude 1,2,3, 4 lbs weight act along; the 

sides AB, BC CD, DA of a aqua" *«^ llude and 

SXrf rigTe^acSatAand —cut of the 
couple which are together equivalent to the->e 

4. Forces of 4, 5. 0 and 7 lbs act along the sides. AB, BC, 

CD and DA respectively of a 12 inch square • j. 

lbs acts from B to the middle point of L>L. ' . f rom 

tude of the resultant and the distance of its ii c 

5. ABCD is a rectangle in which AB = 2BC. ^ 

portional to 3, 11. 5, 7 act along the sides AB. CV.DL 

respectively. Find the distances from . . D prod- 

action of the resultant intersects the lines 

uced. , . . f 

6. Four coplanar forces act on a rigid 

action being the bides of a square ABC . °bp /qi 

and directions arc (1) 20 lbs along AB (-) of eac j, 

30 lbs along CD (4)-40 lbs along DA. (Ihe sense ot each 

force is indicated by the sign) I'ind the lore , . * . t 

lines of action are respectively CA and a line g I 



ELEMENTS 6F STATICS [Art. 26. 

B, which will just produce equilibrium. Give the direction 
and sense of the force Q. 

Solve the question graphically as well. 

7. Forces proportional to the sides of a convex polygon 
are applied 

(1) at the middle points of the sides and perpendicular to 
them, all being directed inwards, 

(2) along the sides, in the same sense round the polygon. 

Prove that the forces in case (1) are in equilibrium, and in 
case (2) reduce to a couple proportional to the area of the 
polygon. 

• • 

[In case (2) tho forces are not concurrent. Let A be one of the 
comers. The forces are equivalent to forces at A parallel to their given 
directions together with the couple of which moment is proportional to 
its area : and the forces at A balance.] 

8. Shew that the force necessary to move a cylinder of 
radius r and weight W up a plane inclined at an angle a to the 
horizon by a crowbar of length /, inclined at /3 to the horizon, 
is 

W r sin a 

1 1 -f cos (a -+■ /3) 

9. ABC is u triangle, 0 the centre of its circle. Forces 
P. Q, R act. along BO, CA, AB and forces X, Y, Z along OA, 
OB. OC. Shew that if the forces are in equilibrium. 



P cos A + Q cos B -r R cos C = 0, 
P. X O. Y ( R. Z _ 
sin A 1 sin B 1 sin C — 


ABC is a triangle and E and F are p tints on BA and 
EC. l'"rces an- c -mplctely represented by the lines EB, BF, FA, 
A( ; Oh, AB. Be. ()eterru:ne the resultant force in magnitude 
and direction, and shew that its distance from A is the sum 
of the distances of F and E trom a line through B parallel to 
AO. Indi 'ate roughly the position of the resultant on a dia¬ 


gram, 


11. i wo equal root.insular blocks, of length a having square 
ends ol side b, arc placed on a horizontal table with two square 

faces in contact and a third block of the same, sizo is placed 

symmetrically on top < f them. Equal forces are then applied 
to the end faces of the lowi i blocks Prove that, provided the 
horizontal components of these forces arc greater than 3\Va/2&, 
the table may be removed without disturbing equilibrium/ W 
being the weight of each block. 
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12. A triangle ABC, formed of light rods pin-jointed at the 
ends, rests in a vertical plane on two smooth pegs E and F 
such that EF is horizontal and equal to 'll. A weight W is 
suspended from A which is below EF. Shew that the vertica 1 
through A bisects the angle BAC. 

Further, if p denote tlie perpendicular distance of A from 
BC, prove that the thrust in BC is 

l W l , A 
— cos ec 8 -• 

J P ~ 

[Let the reactions R, S at E and F respectively moot m Q. Setting 
angles DAE and DAF equal to Q and </, respectively, we have K cos 

S/cos 0 = W/sin A. Let AO meet EF in L and let T be the thrust in 

BC. 

Considering the equilibrium of the rod* AB and AC. we obtain (bv 

taking moments about A) 

Tp =» R. AE = W. AL. cos 0/cos A 
= S. AF = W. AL cos <£/cos Q sin A, 


whence the results follow immediately.] 

13. Three rods AB, BC. CD, each 13 feet long and of 
weight W, are smoothly jointed at B and C while A. D are 
attached to fixed hinges at the same level, 3 feet apart. Prove 
that the reactions at each of the joints B, ( i-s equal to 
Wy'61/12, and find the inclination of the reaction to the 
vertical. 

14. Two rigid members of the frame-work are shewn in the 
accompanying figure and are smoothly hinged at A, B and C. 
Find the magnitudes of the reactions at A and B whin tin- 
frame is in equilibrium under the action of the 1 ton force 



Indicated. The weight of the frame is to be neglected. 

16. The light frames ABC, CDE are supported at A and E, 
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hinged at C and bear thrusts of 5 cwt and 3 cwt as shewn. 



Find the reactions at A, C, E. 

% 

16. ABC is a rigid equilateral triangle of side a. Three 
equal forces P act perpendicular to the sides and outwards at 
points D, E, F such that 

AD = BE = CF = \a. 

Show that the system is equivalent to a torque of moment 
P X 2 a. 

[Torque is another name for a couple or turning moment.] 

17. The moment of a system of coplanar forces acting on a 
rigid body, not in equilibrium, about three collinear points 
A, B, C in the plane are G 1 , G 2 , 0 3 . Prove that 


Gj. BC + CJ,. CA -f G 3 . AB = 0. 

1^. The moment of a system of forces acting on a rigid 
body, not in equilibrium, about the points O, A, B, C in the 
plane respectively are (i, ( v G 2 . G 3 . If S. S x , S 2 , S 3 , denote 
the areas of the triangles ABC, OBC. OCA. OAB respectively, 
prove that 


G, -L G , S 2 -f o 3 s 3 = c« s. 

[This result follow.: from 5 -•' ] 

10. A bool: < indies .w length is placed on a table so that 
it projects one inch over ti-.-c*dg.>. A similar book is placed 
t n top and projects l_ i: ies further. If a string, attacued to 
the over-hanging e ige of set »nd book, is pulled vertically 
lov. awards with a g i ! 11 ly inure ising force, determine what 
happe ns when the cquibbiinm is upset. 

O.o. ii six forces of p-1 itivc magnitude 1, 2, 3, 4, 5 and 6 
act along the si I s of a regul ,r hexagon taken in order, shew 
that the single equivalent lore is of relative magnitude 0 and 
tha* it acts along a line pirallei to the force 5, at a distance 
iroru the centre of the hexagon 3 - o times the distance of a side 
from the centre. 

21. Six coplanar forces act along the sides AB, BC, CD, DE, 
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EF, and FA of a regular hexagon of aide 1 foot. Their magni¬ 
tudes in these directions are 10, 20, 30, 40, P and Q lbs 
respectively. Find P and Q so that the system reduces to a 
pure couple, and shew that the moment of the couple is 3 
lbs feet. 

22. ABCD is a square of side 2 inches; E is the middle 
point of BC. Six forces represented in magnitude by the 
numbers 2,1,3,1,2,2, and in direction and lines of action by the 
lineb AE, BE, ED.CD.CA, DA, respectively, act on a rigid body 
Find by drawing and measuring force and funicular polygons, 
the approximate magnitude, direction, and line of action of 
the single force required to maintain the body in equilibrium. 

State the value you find for its magnitude and for the dis¬ 
tance from A of the point in which its line of action meets AD. 

23. The diagram shews a light rigid horizontal beam OA 

of length 6 feet, hinged at 0 and supported at A (the reaction 

being vertical). Forces P, Q. R, S act on the beam as shewn. 



Find the magnitude of the reaction at A and the magnitude 
and direction of the reaction at the hinge O. (Ob - , 

ED=DC = BC = BA = 1 ft.) 


24 Forces acting along the sides of a 
quadrilateral ABCD are in equilibrium. 
If one of them be completely represented 
by AE, where E is a given point of AH, and 
if a quadrilateral AKFG ho constructed 
having its sides parallel and proportional 
to the forces, prove that 

AE. FG. AD. BC = AB. CD. AG. EF. 

25. A uniform ladder weighing 100 lbs 
is 30 ft long and rests against a smooth 
vertical wall at A making an angle of 13 
with the vertical. The foot of the ladder 
rests on a smooth horizontal surface, but 
is kept from slipping by cord CD where 
BD is 10 ft. A man weighing 150 lbs 
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climbs up the ladder to E where BE is 20 ft: find graphically 
or otherwise the tension in the cord and the reaction at A and 
verify that the reaction at B is 400 lbs. 

20. A uniform ladder of weight w and length l rests with 
its top end. in contact with a smooth vertical plane. The 
ladder is prevented from slipping by a horizontal cord 
attached to the lowest point of the ladder and to the wall. 
A man of weight W stands on the ladder at a distance d 
from its lowest point. Shew that the stretching force in the 
cord is 

( \ w 4- W~ )cot 6, 

where 0 is the inclination of the ladder to the horizontal. 


27. Two strings have their end3 B, C tied to a rod BC and 
the other two ends to two pegs A, D in the same horizontal 
line. If the strings are perpendicular to each other, prove that 
the tensions in them are in the ratio 

BA. AD + BC. CD 
BC. AD + BA. CD 

28. A chain of four equal rods, of weight W, is held up at 
the points A. B in the horizontal line. If the points of sus¬ 
pension are drawn apart until the horizontal components of the 
pulls at A. B are each 2AY. shew that AB = 3 54 times the 
length of a rod; and determine tlie slope of each rod. 


29. A string OABCD is attached to a fixed point O. A 
weight is hung from each of the points A,B,C and the position 
ot D is such tli.it Cl) is horizontal and the tension in it is W. 
Explain how to draw a vector diagram shewing the tensions 
in OA. AB, BC, CD. Calculate to the nearest minute the angles 
which OA, AB, BC. make with the horizontal and shew that 
the product of the tensions in OA, AB, BC is 1U \Y 3 . 


30. Seven equal uniform rods AB, BC, CD, DE, EF, FG 
CA, arc freely jointed at tliter extremities and rest in a vertical’ 
plane supported by small light rings at A and C which can slide 
on a smooth fixed horizontal rod. If 0, <p, $ are the angles 
that AB, AG. GF make with the vertical, prove that 

tan 0 = [ uin 4> = 2tan $■ 

31. ABCDEhGH is an octagon composed of eight similar 

and uniform rods, each of weight freely hinged together. 

. hew that it can be aupporied as a regular octagon in a vertical 
plane with Ah vertical if certain vertical forces are applied 
at the angular pomts other than A and E. Sketch the force 

diagram and determine forces. 
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32. A form of hook, suitable for lifting plates, is shewn in 
the accompanying diagram. 

In the arrangement, BD is vertical, ABC is inclined at SO 3 
to the horizontal, AC is 10 inches long and C is 4 inches to the 
right of BD. 



The weight of the plate is W. 

Determine the horizontal and vertical components of 
the reaction at C and the magnitude of the force at the pm 

33. Shew that any system of coplanar forces may be 
reduced to three forces acting along the sides of a ruing e 
arbitrarily chosen in that plane, and shew how to nn< u • s( 
forces. 

(a) If M, N are the mid points of the sides AB, AC of the 
triangle ABC, shew that a force P acting along the ImeiL 

oan be replaced by forces 

fP, i P 6 /a,-1 P cl a. 

in BC, CA, AB respectively. 

lb) Forces represented in magnitude and sense by 1, 

3 _ 4 5 _o ft ct in order along the sides of a regular hexagon. 
Reduce these forces to three acting along the sales of the 

equilateral triangle having its base along‘_ 

hexagon and its vertex in the opposite side of the hexago . 
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[Suppose ABC is the given triangle and let F, a force of th* system, 
cut BC in D ; then F may bo resolved into two forces along BC and AD. 
The component along AD can now bo transferred to A where it can be 
resolved along AC and AB. Every force of the system can be similarly 
treated ; thus wo get the forces, P, Q, R acting along BC, CA, AB 
respectively. 

If L, M, N denote the sum of the moments of the given forces about 
A, B, C respectively, then L = Pp, M = Q?, N = Rr whore p, q 9 r are the 
perpendiculars on the opposite sides from A, B, C respectively. These 
determine the forces. 

As an exercise, it may now bo proved t hat the resultant of the forces 
P, Q, R lias for the magnitude v/[S a2 (L —M) (L — N)j/ 2^, where a, 6, c 
are the lengths of the sides BC, CA, .AB, and ^ is the area of the 
trianglo ABC.] 

34. A girder hinged to a wall is supported by a chain and 
vertical tie rods in the manner indicated in the accompanying 
figure. 



For the general case whore the spacinps and the lengths of 
the tic rods are given. explain a graphical construction for 
determining the ratios of the tensions in the tie rods. 

For the particular ease illustrated, prove that the tension 

in each of the tie rods introduced by the load is ? r .W 

7 l 

35. Shew that any system of coplanar forces is reduoible 
to throe forces acting along three given lines which are not 
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parallel and do not all pass through a common point. Hence 
or otherwise , find the forces in the members A, A r+i , B r B r+l 
and B r A r +, of the Warren girder shewn, assuming the triangles 
to be equilateral, the horizontal members to be freely jointed 
at each vertex, weights w to be placed of each of the points 



[A girder of the typo shown, in which the triangles may he equilateral 
or isosceles, is called a ••Warren" girder. By "members being freely or 
pin jointed” is meant that the joints are frictionless and cannot transmit 
any couples so that forc©9 in such a frame arc along the members.] 

36. The given figure indicates a spar which is being raised 
by a force applied in the direction BC. The lower end A rests 
on a horizontal surface, the co-efficient of friction being $. 

A rope DE attaches the spar to a fixed point. 

The centre of gravity is denoted by G. 



Taking dimensions directly from the figure, determine in 
terms of the weight of the spar 

(1) the pull in BC which will just raise the spar, 

(2) the tension in the rope DE, 
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37. The given figure shews a 3 ton girder being launched 
across a gap by means of two derricks AB, CD. The girder 
rests on rollers at P and is supported by ropes EF, GH. 


c 



Obtaining position and direction directly from the figure, 
determine the tensions in EF and GH and the pressure on the 
roller at P. 

38. ABC is a triangle of heavy rods hinged together, their 
weights being proportional to their lengths. BC=4, CA=5, 
AB=6. AB is fixed horizontally. Find the angle which the 
action at C makes with the horizontal, and shew that its magni¬ 
tude is a little greater than half the weight of BC. 

39. A circular disc 2 feet .in diameter is mounted 
on a fixed horizontal axle through its centre. The disc 
is prevented from turning on the axle by friction. Four cords 
are fixed to points on its rim as shewn. Each cord passes over 
a frictionless pulley, the part of the cord beyond the pulley 
hanging vertically. The cords are attached in pairs to the ends 
of two uniform horizontal rods whose weights are 10 lb. and 



15 ib. respectively. Find the magnitude and direction of the 
resultant force on the axle and the friction couple between 

the disc and the axle. (Transfer the figure by tracing or 
otherwise.) 
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40. Smooth pegs are placed horizontally at the four 
upper-corners of a regular vertical octagon, the two highest 
pegs being at the same level. A string passes over these 
pegs, and hanging vertically suspends 10 lbs at each end. 
Find the pressures upon the pegs in contact with the string. 
If one weight is increased by 2 lbs, what is the alteration in 
the pressures calculated previously l . 

41. A uniform rod rests with its ends on two smooth planes 
inclined at 30° and 45° respectively to the horizontal. Prove 
that the inclination of the rod would be cot -1 (y/3 -f U- Also 
find what weight, fixed to the rod at a quarter of its length 
from one end, would suffice to enable the rod to rest horizon¬ 
tally. 

.. 42. Two uniform rods AB, AC, each of length a and wv jht 
W, are freely jointed together at A and placed in a vertical 
plane across a smooth horizontal cylinder of radius c. The 
ends B,C are connected by a taut siring ot length < which is 
horizontal and not in contact with the cylinder. Shew that 
the stretching force in the string is 

w/ 4ac - - J_= )• 

W \ f2 2\/ 4 a 2 — l 2 ' 

43. A uniform rod ABC is bent at its middle point B at 
right angles, each arm being 4 feet long. It is then hung over 
a smooth peg, one foot away from a smooth vertical wall, so 
that the lower end A of AB'rests against the wall and AB leans 
against the peg. Shew that if AB makes an angle 0 uith the 
vertical in the position of equilibrium, 

cosec 2 # = 3 sin 6 -r cos #. 

44. A uniform beam, of length / and weight W, is hinged 
at its lower end A. A string fastened to the other end B 
passes over a smooth peg at a height a vertically abo\o the 
end A and supports a weight w. Show that the beam can rest 
inclined to the horizontal at an angle # such that 

a /. 4 wK , l 

sin 6 = -g| (/ \VV a*' 

45. A heavy rod is suspended from two equal strings of 
length I from two points in the same horizontal plane. Shew that 

the magnitudaof the couple required to keep it at rest after 

it has been turned through an angle <f> in a horizontal plane is 

Wa 2 sin <f>I V l 2 - ^ /2, 

where 2a is the length of the rod and W its "eight. 
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Shew also that the tension in the strings is changed in 
the ratio 


l : v /i 2 --4a 2 sin 2 9/2 

46. A sphere of weight W and radius a is suspended by 
a string of length l from a point P, and a weight w is also sus¬ 
pended from P by a string sufficiently long for the weight to 
hang below the sphere. Shew that the inclination of the first 
string to the vertical is 

tea 


—i 


' . 81n (W + w)[a + Jj- 

47. Three equal rod 9 , each of length c, are freely jointed 
together at their ends to form a triangle. The triangle is 
sn orted in a horizontal plane by small smooth horizontal 
platforms at the corners, and a smooth sphere, of weight YV, 
is placed on it. Shew that the reaction between two of the 

c\V 

rods is a force —where h is the height of the centre of the 

sphere above the plane of the triangle. 

48. The given figure shews a pair of pincers lifting a plate. 
By forcing the ends of the screw FG 

against the block carrying the hinges 
C and 1), the lower ends P and Q of 
the two levers AGP, BDQ are made to 
grip the plate. P and Q arc 4 inches 
below and E is 8 inches above CD. AE 
and BE make angles of 75° with the 
vertical. C and D are 6 inches apart. 

Calculate the pressure exerted on the 
plate at P and Q when the screw 
is made to exert a thrust of 500 lbs at G. 



The plate which weighs 2,000 lbs is 
then lifted by the ring and owing to 
the “give in the rods and levers, the 
screw ceases to exert a thrust at G. 

Calculate the horizontal thrust exerted 
on the plate at P and Q. 

v hbi, • \7°; noth ; c rpsts ™ Parallel rails tire distance between 
V \ and 0,10 of the rails is 4 inches above the other. 

at)nrm* m r T n i preMUn ?! ° n V 1 ® ! WO rai,s ar(> 34 8 and 25 2 tons 
; PP ornately, prove that the distance of the centre of gravity 

fi feet f"i r T 1 • ,e } : h ™ of 1,10 vni,s is approximately 

t.^ihe^±' he f; ,,, \ th r ,St ° n the l°' ver rail, assuming 
1,1,1 ^ there is none on the higher. ® 

• t°° n t P lvon system of coplannr forces acting on a rigid body 
is to be balanced by two forces, one acting along a given fine 
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and the other acting through a given point. Describe some 
geometrical or analytical piocess for completely determining 
these two forces. 

A six-wheeled railway truck is urged by a horizontal force 
of 3 tons against a log of wood fastened transversly to the 
railway lines as shewn in the given figure. If the wheels C are 
just lifted off the rails, determine the loads carried on the 

wheels A and B. 


|<— eo’—>|<- G0 —^ 


i 



Y .0 TC iS 


The wheels are supposed to rotate in their bearings without 
appreciable friction. 

51. The axles of a spring mounted wagon are 6 feet apart 
and there are two springs fixed to each axle at a distance oi 
3 feet 6 inches, all the springs being similar and symmetrically 
placed with regard to the wagon. The weight of the wagon 
supported by the wheels is one ton and there is inside a load ot 
10 tons, the vertical through the centre of gravity of w u< i is 
distant 2 feet from the rear axle and 2 feet from the line of the 
two springs on one side of the wagon. Find the.load supported 
by each wheel, when the wagon is on level ground. 

52. The given diagram represents a rhombus formed of four 
equal heavy uniform rods, 
smoothly jointed at A, B, C, D, 
the rods AB, AD set symmetri¬ 
cally on to equal smooth rails of 
circular cross section. The rails 
are on the same level and both 
perpendicular to the plane of the 
rhombus, which is vertical. Prove 
that in equilibrium the horizontal 
through A, the vertical through 


B 


, Uiu Ytl uvui '’T 

B and the perpendicular to AB 
at the point of contact R, meet in 
a point. 
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53. ABCD is a parallelogram of freely jointed rods : a point 
P on AB is joined to a point Q on CD by a string, and R on 
BD to S on BC by another string. If the tensions in these 
strings be T and T', shew that for equilibrium 

T AP-DQ _ T' BS-AR 

PQ ’ AB RS ’ AD ’ 

54. The given figure shew a pulley used for raising and 
lowering an electric lamp. The wires connected with the lamp 
and the ceiling are coiled round a wheel and axle which is free 
to rise or fall according as the lamp goes down or up. What is 
the ratio of their radii if the depths of the lamp below the 
highest* posit ion of the centre of the axle in the lowest and 
highest positions of the lamp are in the ratio of 3 to 1 ? The 
lamp is considered to 

be in the highest 
position when it is on a 
level with the axis of 
the pulley. What is 
the ratio of the weight 
of the pulley to the 
weight of the lamp if 
the system is in equili¬ 
brium in every posi¬ 
tion, the weight and 
the stiffness of the 
wires being neglected ? 

Shew that the pulley 
will fall over sideways 
unless its centre of 
gravity is at the point 
whore its axis is met 
uy a straight line join¬ 
ing the point* at which 

■ he vino. Ivvy.; the 

vhcfl and axle respectively. 

p qunl smooth discs of radius a hang in the same 
• l"ueh.ngc::ch other at one point, being suspended 
; ; ; / lx ;:‘ i;,,int b >* «!»«»■ threads of length / attached to 

7 rA third equal disc is placed 
• truanv on the other two in the same vertical plane so as 

vil umt tH t0 Tv Shinv tliat " ill be equilibrium 

S SCS8 '' r " ra ' in8in <4 ' 29n - 1,i5CUSS What 
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Prove that the pressures on the rods are proportional to their 
lengths. 

57. A sphere of weight W and radius a rests on three equal 
rods of length 2 a which are pinned together at their ends to 
form an equilateral triangle. If the vertices of the triangle are 
supported in a horizontal plane and there is no friction, prove 
that the reaction at each joint is in a direction parallel to the 
opposite side of the triangle and of magnitude XV/oy/i). 

58. Two constant forces P, Q act in the plane ABC at 
the fixed points A, B. The forces turn in the plane, the angle Q 
between them remaining constant. Shew that the resultant R 
is of constant magnitude and that it passes through a fixed 
point H. 

In the case in which the coordinates of A, B are («, 0) and 
(0, b) and P is directed in the positive direction along 0* and Q 
is directed in the positive direction along 0 y, shew that the 
coordinates of H are (£, V) given by 

£ _ 7 _ '/P -f- 6Q 

P-Q" R 2 

59. Shew that in a system of forces acting through assigned 
points in a plane, the resultant is of definite magnitude and 
passes through a fixed point if the forces are fixed in magnitude 
and relative inclinations 

Find the condition that such a system of forces should be 

* 

in equilibrium for any orientation of the system. 

[Using tho notation of Art. 25. lot the force bo oriented through an 
angle A und lot the force system in it-; oriented state be equivalent to 
force (X', Y') and couple G' ut tho origin. Then 

X' = S P cos (a + A) = X cosA -- V sin A- 

Y' = SP l a -b A) = X sin A -4- Y cosA. 

and G' = 2 [A P s* 11 (<* - 4 - A) - k P cos (a + A)) 

= cosA 2 P (A sin a — k cos a) 

+ shift v p ( / ( c06 a -j- k sin a) 

= G cos A -f V sin A, 

where V is written for 2P(A coj^ a -j- k sin a). 

V is called tho Virial of tho system of tho forces. 

Let ( x , y) bo the coordinates of any point on tho line of action of 
the resultant R ; then its equation is 

G' - xY' + yX' = 0, 

or (G — xY -f- yX) cos ft -|- (V - xX -1- y Y) sin ft = 0. 

Whatever bo tho valuo of ft, tho resultant R must pass through 

tho inters •ction of tho linos 

xY — yX = G und xX H- yY — V, 
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that is, through the point [(VX + GY)/R S , (\ Y — GX)/R*]. 

The force system is in equilibrium if X = 0, Y = 0, G = 0. 

If it remain in equilibrium after an orientation as above, we must 
have X' = 0, Y' = 0, G' = 0. Hence the required condition is that the 
virial V must vanish.] 

60. The given figure represents four bars AC, CK, KD, DB 
smoothly hinged together. The lower bars are of length 
2ft and are hinged together at their middle points and each 
weighs 2 lbs ; the upper bars are of length one foot each and 


K 



each weighs 1 lb. The system re ts in a vertical plane support¬ 
ed at A and B by a rough plane (co-efficient of friction 2/3). 
Find the tangent of the inclination of each bar to the vertical 
in the position in which the feet are just held by the force of 
friction. 

61. A uniform plank, weight \V, rests horizontally across a 
fixed circular cylinder of radius r. HI be its length and if A be 
the angle of friction, shew that the greatest weight which can be 
attached at one end without causing the plank to slip is 

_ Q —\V 

i-n "• 

The thickness of the plank may be neglected. 

62. A circular cylinder has a radius of 10 inches and 
weighs 50 pounds. Weights are attached to the cylinder on the 
end faces, each weight being 50 pounds and the attachment being 
to the ends of an axis parallel to the axis of the cylinder and 
9 inches distant from it. The whole is placed on a rough plane 
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which is slowly tilted up in such a way that the cylinder tends 
to roll down the line of maximum slope. If the tilt be 30°, find 
where the cylinder is in equilibrium. 

63. The diagram shews a rigid rod AB constrained to move 
with its ends in two fixed guides, the guide for A being horizon¬ 
tal and for B vertical. A vertical load \V acts at B. For the 
position shewn neglecting the weight of the rod and assuming 



6><f> ( <f> being the angle of friction, the same for both guides), 
prove that the horizontal force P acting at A required to cause 
B to move upwards is P=W cot (0 — </>)■ 

Find the least angle such that, removing P, the rod will not 
move back again. 

The extremities A and B of the rod may be treated as 

points. 

64. A truck stands on a rough slope and in order to prevent 
it from rolling down the slope, a light obstacle is placed behind 

one wheel. 

If 0 be the centre of the wheel and A and 1> its points of 
contact with the ground and the obstacle respectively, shew 
that for the obstacle to be effective, the angle A OB must not 
exceed (>, + 7u), where and A 2 are the angles of friction 
between the wheel and the obstacle and between the obstacle 
and the ground respectively. 

65. An axle of radius r, carrying a wheel of radius R, rests 
symmetrically in parallel V—shaped bearings (see the given 
figure), the semi-angle of the \ being a. A horizontal force P 
is applied at the highest point and in the medial plane of the 
wheel. If the mass of the wheel and axle is W, shew that in 
order to release the pressure on one side ol the \ s the coefficient 
of friction between the axle and bearing must not be less than 
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r + R sin a ’ 


66. A table, of mass 4M and height 2 a, has a square top of 
side 2c. The four legs are at the corners of a square of side 2a, 
the two squares having a common centre and parallel sides. A 
body of mass M is pulled from the centre of the table. Shew 
that the table will tilt before the body reaches the edge if c > 
( ."> -2 u. ) f i, u being the coefficient of friction between the table 
and the floor. Find the condition that the table does not slip 
along the floor. 

67. A ladder, with its lower end resting on the ground, is 
lowered from tho vertical position by means of a rope attached 
to its upper end. The rope is held by a man on tho ground and 
its direction makes equal angles with the ground and the ladder. 
If the ladder be uniform and weigh \V lb. find the tension in 
the ropo and the horizontal and vertical components of the force 
at the ground when the ladder makes an ancle 0 with the 
horizontal; and shew that if the ladder slip when 6 is equal to 
GO , then the coefficient of friction is 0346. 

Shew also that the ladder may be lowered through 45° with¬ 
out slipping if it be so loaded that its centre of gravity is distant 
from the ground not more than 0 237 of its length. 

O.v A uniform ladder ACB, 24 feet long and weighing 40 lbs. 
• s smoothly hinged at the centre C and used as a scaffold. CB 
is horizontal and AC, with the end A resting on the ground, is 
inclined at an angle tan -1 3 to the horizontal. 

If a man weighing l.»0 lbs walks along the horizontal jiart 
CB of the ladder, shew that tho minimum coefficient of friction 
between the ladder and the ground when the man is half-way 
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aoross is 19/63: and draw a graph shewing the relation between 
the minimum coefficient of friction and the distance of the man 

from the wall. 

69. A uniform rod BC of weight \Y rests horizontally bet¬ 
ween two planes AB and AC. both inclined at 6 to the vertical, 
the arrangement forming an inverted A of angle 2 0. At the 
contact B, there is no friction, but at C. there is friction with 
coefficient (x. A load P is placed on the rod at (' and increased 
until the rod is on the point of slipping. Draw carefully a 
diagram showing all the forces acting on the rod. Find the 
equations which hold for equilibrium, and shew that they suffice 
to determine the value of P in terms of \Y. 0 and l. 

70. A uniform rod AB is supported at an inclination a to 
the horizontal with its lower end B on a rough horizontal plane 
(coefficient of friction a) bv a light string attached to A. Prove 
that the greatest inclination 0 of the string to the vertical is 

given by 


1 


cot 0 = — ± 2 tan a. 


71. A uniform ladder of length / and weight \\ rests on the 
ground which is rough and its upper end rests against a vertical 
wall which is smooth, its inclination to the vertical being 0. A 
horizontal force P applied to it at a distance c from the loot 
causes the foot to approach the wall. Prove that P 
greater than 


must be 


W l 

l—c 


( pi + i tan 0 ). 


72. A uniform plank AB. 20 feet in length, lies horizontally 
on two rods at P and Q, AP being 7 feet and AQ being l.» loot. 
The rods are at the same level and parallel, and are equally 
rough : the plank lies across them and at right angles to them. 
Prove that, if a constantly increasing horizontal ton e is applied 
to the plank at A in a direction perpendicular to its length, 
equilibrium will be broken by the plank slipping at 1 . 

73. A uniform bar rests on a rough plane inclined at an 
angle a to the horizontal, with one of its ends fixed to the plane. 
If tan o>u, the coefficient of friction, prove that in equilibrium 
the bar makes an angle 9 with the line ot the greatest s ope 
given by sin 0 = fx cot a. 

74 . A uniform rod AB, length 21 and weight W. lies on a 

rough horizontal table (coefficient of friction [x). - g'- l » « . 

increasing force is applied at the end A pe.-pem u u ar o - . 
Prove that the equilibrium is broken "lien 1 — l A (V- 
by the rod turning about a point O where ( V 
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Find the value of the force P and length OB, if the force 
is applied at a point C distant c from A. 

[Resolve perpendicular to the rod in the piano of the table and 
toko moments about O about which the rod begins to turn.] 

75. Three equal rough cylinders are in contact with one 
another and with a rough horizontal plane, one of the C3’linders 
lying on and between the other two. All surfaces in contact 
are supposed to be equally rough. Shew that if the coefficient 
of friction be equal to (2 — y/3), the upper cylinder will be on 
the point of slipping between the lower cylinders which will be 
on the point of rolling on the horizontal plane. 

76. Two spheres, each of weight \V, lie on a rough hori¬ 
zontal plane (coefficient of friction u') and in contact with 
each other. Another rough sphero of weight iv lies between 
these two, and the coefficient of friction is u. Shew that, in 
limiting equilibrium, 

p U.’=» U.' (2 W-rtt'), 


and find the values of u and u.'. 

Two homogeneous horizontal cylinders rest on a rough 


/ / 


horizontal plane just not touching along a generator. A third 
cylinder is then placed so as to rest on them. The axes of 
the cylinders are parallel, their radii are unequal. The weight 
of the upper cylinder is W' and of one lower cylinder is W, 
and the plane of the axes of these two makes angle a with the 
vertic il. Prove that one necessary condition for equilibrium 
to be possible is that the angle of friction between the lower 
cylinders and the plane is greater than 

f_W* ' 1 

t ° n ' l |(W+W')cotJ+Wcot|. J 


where ft is the angle between the vertical ami the plane contain¬ 
ing the axes of the upper cylinder and the other lower cylinder. 

, S. A unitorm beam is placed in a vertical plane, its lower 
caul resilin' on a rough lloor and its upp*r end against a rough 
vertical wall. The eoeMicient of friction is u (< x /2 — 1) and the 
beam makes an angle of with the floor. A string passes 
horizontally 1mm the lower end ot the beam towards the wall* 
A tension in the string is required to prevent the beam 

*ru.n slipping \ *wn, an i .1 nsion T 3 is revjuired to make it 
slip up. Shew that 

T 1_1 + 

T 


.. -j_ 


U-’ — m3 


79. Two rough planes intersect in a horizontal line and 
make equal angles a with a horizontal plane. A lough circular 
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cylinder of radius a is placed, with its axis horizontal, in the 
trough formed by the two planes. The distance of the centre 
of gravity of the cylinder from the axis is h. 

Shew that, when a is greater than <£, the angle of friction, 
the cylinder cannot be in equilibrium unless it is in contact 
with both planes and that, when a<<f>, it will rest in any 
position in the trough if 

, r sin 2 <b 

h > n -- 

2 CoS a 

80. Two planes face each other and are inclined at angles 
a and with the horizontal. A rod AB rests on them in a 
vertical plane through their lines of greatest slope. If > is 
the angle of friction at each end, prove that, when A is on the 
point of slipping down, the inclination 0 of the rod to the 
horizontal is given by 

t ail q - sin (a-(i- 2A )_ 

9 2 sin (a-70 sin (0+70 

Also find the inclination when the angle of friction at B 
ifl V. 

81. A unifarm plank, of length 21, rests with one end on a 
rough horizontal plane and across a fixed smooth cylinder of 
radius r, lying on the plane. > is the angle of friction. Shew 
that equilibrium is possible if 

r sin 7\ > l tan a cos 2a sin ( 7 ^ + 2a). 

82. A frame for printing photographs has a rectangular 
opening in the centre of the section as shewn in the given figure, 
sides AB and A'B' sloping inwards at an angle of 45°. It is 
required to cover the opening by a thin plate of glass PQ 
resting on the sloping sides. 



It is found that when the frame is tilted on one side at an 
inclination of more than 0°, the glass plate slips down. ,. Eind 
the coefficient of friction between the glass and the sides of the 
frame and evaluate it when 0 = 00°. 

83. A drawer, which slides horizontally, is 3 feet in width. 
It is withdrawn all but 6 inches. Find the limiting distance 
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from, the central vertical plane through the drawer beyond 
which no horizontal force, however great, applied in the direc¬ 
tion in which the drawer is made to slide, will push the drawer 
back into place. The coefficient of friction between the drawer 
and its seating is 1/3. Assume that jamming takes place at the 
sides only, not at the top and bottom of the drawer. 

If the drawer is symmetrically loaded to weigh 30 lbs * what 
push applied at 6 inches from the mid-plane will close the 
drawer '( 


84. A straight rod is supported as shewn in the figure, one 
end A resting against a rough vertical wall, and the string BC 
being at right angles to the rod. The rod carries a load W at 
some point P in its length, and its own weight may be neglected. 
If the coefficient of friction at A 
be equal to tan </> and if a be the 
inclination of the rod to the hori¬ 
zontal, shew that equilibrium can¬ 
not be maintained unless the 
load is placed between P x and P 2 
where the lengths AP l and AP 2 
are respectively the values, of 

AB_ cos * _.. 

cos a ± COS (a ± <f>) 

If a heavy beam be supported 
in this way without added load, 
and if a = 30% <f> = 20° and AB 
= o fret, shew that the length of 
the rod must lie between 12'02 
feet and 16 89 feet. 

So. Two rough circular cylinders A and B, of weights w , 
and Wn respectively, lie in contact with their axes horizontal on 
a perfectly rough inclined plane, B is higher than A, whilst 
the radius of B is greater % than that of A. If the angle of 
friction lor A and B be A, and 0 be the angle which the plane 
containing the cylinder-axes makes with the inclined plane, 
shew that the cylinders will just roll down the inclined plane if 



plane if 

_ ... si n\ + cos (0 + A) 
sir. A — cos (0 4- A) 

The angle which, the inclined plane makes with the horizontal 
may be taken as less than 90 — 0. 

. ttnitorm circular cylinder and a uniform square 

prism lie in contact on a horizontal plane (i.c. with axes liori- 
/.onta ). Their weights me equal, and the diameter of the 

in , ( er 13 t et l u ° l to ? of the square. All surfaces are 

equally rough the coefficient of friction for each pair being (*.' 
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The plane i 3 slowly tilted about a line parallel to the axes of the 
cylinder and the prism so that the cylinder lies ab we the prism. 
Shew that the equilibrium will b j broken by the cylinder 
slipping at its point of contact with the prism or with the plane 
according as p<l or p>l, and find the inclination of the plane 
at which equilibrium is broken in each case. 

87 A uniform rectangular board is supported with its 
plane vertical and with two edges of length n horizontal by the 
pressure of two fingers, one at each of t wo points P and Q 
in the vertical edges of the board, not at the same horizontal 
ievel. If the coefficient of friction of both fingers is p, prove 
that the difference of levels of P and Q cannot exceed uo. 

88. A particle P of weight w rests on a rough horizontal 
table whose coefficient of friction is a, and is attached to one 
end of a fine inextensiblc string which passes over a smooth 
fixed pulley A at the edge of the table The string then passes 
under a smooth moveable pulley B of weightt w -and over a 
smooth fixed pulley G\ the other end of the string be ng 
attached to a particle D of weight u- which hangs vertically. 
All the portions of the string not in contact with the pulley a*e 
horizontal or vertical. Prove that, if P> v P will an 

that, if p< l, D will move with acceleration (d —op) g/o. 

89 The distance between the axles of a railway truck is u, 

and the centre of gravity is halfway between J heu ‘ “^ at a 
nernendicular distance h from the rails. W ith the lower \uiee 
rocked the greatest ineline on which the truck can rest » a. 
Show that the coefficient of friction between the wheels and 

the rails is 

2a 

a cot a + 2b 

90. A car has a wheel base of (a + 6) feet and its centre of 
gravity is at a distance a feet behind the front axle and h Re 
above^the ground level. It is ascending a steady incline angle 
of slope a, when the brakes are applied to all four whee • »nhl 
skidding occurs. Show that, if the front wheelsarenotoskKl. 
a must be less than b + 2pA, where p is the coefficient of 
friction between the wheels and the ground. 

If this condition is satisfied, obtain an ^no‘skiddffig at 
greatest deceleration of the car consistent 
any wheel. Neglect the rotational inertia effects. 

91 Three uniform rods of similar material arc jointed to 
form an isosceles triangle ABC in which each of .h.«£• B 
and C is equal to a. The triangle ,s t ',7the 

plane with BC in contact w.lho^rou> peg. ^ trinng i e w .„ 

coefficient of friction is >- cot a ( + 

rest with any point of BC in contact with the peg. 
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92. Two uniform beams AB, AC of tho same length are 
smoothly hinged together at A and placed standing in a vertical 
plane. Shew that, if the weight of the one >s double that of 
the other, the least value of the coefficient of friction necessary 
for equilibrium is § tan i(BAC). 

If the coefficient of friction has this value, at which end is 
the friction limiting ? 

93. Two uniform rods AB, BC, each of length 2a, and of 

weight iv and IF respectively are freely hinged at B. 

The system stands in a vertical plane with A and C on a rough 
horizontal table, the rods each making an angle 0 with the 
vertical. The coefficient of friction both at A and C is equal 
to | x. Show that equilibrium is possible only if 

(3 w -f !F)u — (>v + IF) tan 0>O. 

This condition being satisfied, a weight P is suspended from 
B. Show that, if p> tan 0. equilibrium is still possible whatever 
be the value of P ; but that, if tan equilibrium is no 

longer possible if 

P- ( -‘be - r V) [x — («• + W) tan 0 

2 (tan 0 — [x) ' 


94. A uniform square lamina has a fine inextensible string 
of length equal to that of one side attached to one corner. The 
other end of the stling is attached to a fixed point on a tough 
vertical wall, and the lamina rests with its plane vertical and 
perpendicular to the wall. Prove that if the coefficient of friction 
is unity, the angle which the string makes with the wall lies 
between Jtt and tan -1 !. 


9f>. Two uniform heavy rods AB, AC, each of length 2a, 
rc v nncc ted at A at right angles to each other, and rest 

on a fixed rough cylinder of radius c, the plane of the rods 
being perpendicular to the axis of the cylinder. Shew that, if 
r tan :s the coefficient of friction between the rods and 
the cylinder, and a is the angle which the bisector of the angle 
BAG makes with the vertical in the limiting equilibrium, then 

c sin (u 2<) = (a — c) sin a. 

9t;. Two equal ladders arc hinged at the top and rest on a 
roin.h door loriumg an isosceles triangle with the floor of 
Venn d angle 2 \ man who,:,, weight is n times that of either 

lad, .er goes slowly up one of them. Calculate the reactions at 

the floor when hi distance from the top is x, and shew that 
slipping begins w-,. M 
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97. Of three equal discs in the same vertical plane, two 
rest on a horizontal table not necessarily in contact with each 
other, and the third rests between the first two. Shew that the 
least coefficient of friction between two of the discs for which 
this is possible is three times the least possible between a disc 
and the table. 

Can three rupees rest like the discs { The ■ coefficient of 
friction between the edges of two rupees is about l and between 
a rupee and the table about 

98. A uniform log of square section ABCD rests in equili- 
brium upon two smooth horizontal parallel rails at the same 
level so that AC is vertical. It is split along a plane EF parallel 
to BC so that E lies on AB and B E < EA. If equilibrium is not 
disturbed, shew that the coefficient of friction between the two 
faces EF must at least be BE/E A. 

99. Two uniform ladders AB, AC of the same length and 
of the same weight \V are smoothly jointed at A and stand 
both with B and C in contact with a rough horizontal plane. 
If a man of weight W can stand on any rung of the ladders, 
prove that the coefficient of friction must not be less than 
§ tan i (BAC). Also, find the minimum coefficient of friction 
necessary if in all cases two men (of the same weight W) can 
stand one on each ladder. 

100. A heavy bar of length a rests inclined at an angle 9 to 
the vertical with the lower end on a rough horizontal ground, 
the coefficient of friction between the bar and the ground 
being g. A man M pushes horizontally at the upper end. and 
another man N presses vertically down on the har at a point P 
distant erg. cot 9 from the lower end. Shew that if the centre 
of gravity G lies below P, N can maintain equilibrium no 
matter how hard M pushes ; but that if G lies above 1 , N 
cannot maintain equilibrium. 

Hil. Two circular cylinders A and B have their axes parallel 
in the same horizontal plane, A being fixed and B free to turn 
about its axis. A uniform heavy circular cylinder C having its 
axis parallel to those of A and B, is placed in contact with 
them. The angle that the plane containing the axes ot A and 
C makes with the horizontal is denoted by a. and the corres¬ 
ponding angle for B and C by ft. The angle of friction between 
A and C is denote 1 by 9 and that between B and L by 0. A 
couple is applied lo B (in the sense which tends to move the 
highest point of B away from A) and gradually increased. Shew 
that equilibrium is broken by slipping between B and G it 

sin a — sin ft > cos a cot 9 — cos ft cot <f>, 
and that this occurs when the couple attains the value r 
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b W sin $ cos a 
sin (a -f- f3 -f- <f>) -f- Bin <f> 

where b denotes the radius of B. and W the weight of C. 

102. A uniform ladder of weight w and length 21 has its 
lower end resting on the horizontal and its upper end against a 
vertical wall, u, and u 2 being the respective coefficients of 
friction. 


If 0 be the angle of inclination to the vertical, shew that for 
equilibrium 

, <tan -.( &_). 

V 1 — Hll*2 ' 

A man of weight W ascends the ladder slowly and steadily. 
Shew that if 0 is less than a certain value, the ladder will 
never slip. Otherwise shew that the ladder will slip when the 

man has climbed a distance x up the ladder given bv 

\V(1 + Hi-n,).*- 

(2 (M w) I** cot 0 + 2W g,u 2 — w(l — l. 

10:i. A unifoim rectangular metal plate weighs 200 lb. and 
is 4 feet wide : it hangs by a wheel at each of its upper corners 
on a horizontal rail. The left hand wheel, having seized, skids 
along the rail and the coefficient of friction between the surfaces 
is *. Find the horizontal force which will push the plate alon* 
steadily from left to right, if applied 2 feet below the rail. 

104. Two whe Is, each 2 feet in diameter and placed one in 
front of the other, are connected together with their centres 
:j feet apart, the arrangement resembling a bi-cvcle (See figure). 
The whole weight. of the- system may be taken to act at its 
centre of gravity which is midway between the centres of the 



wheels. The system is placed on a rough plane, the tangent of 
Whose inclmat,0-3. Draw a diagram shewing the forces 
whiet' keep eqndd.rmm first when the front wheel is braked so 
at it cannot turn and the back wheel can turn freely ; 
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secondly, when the back wheel is braked and the front wheel 
can turn freely. In either case, determine the least coefficient 
of friction necessary in order to prevent slipping. 

105. The length of the line joining the lowest points of the 
wheels of a bicycle is a. and the centre of gravity is at a height 
h above this line and at a distance ./• in tront ol its middle 
point. No account bein ' taken of axle friction or road resis¬ 
tance to rolling, shew that when the brake is hard on the back 

wheels, the slope of the greatest incline on which the bicycle 

a — 2x p 

can be held up without slipping is a, wheie tan a — a _ ^ • o 

and p is the coefficient of friction between the tyres and the 
ground. 

106. A trolley consists of four equal heavy wheels A, B, C, D, 
similar axles AB and CD. and a heavy uniform bar IQ ol length 

21 with its ends smoothly jointed to the axles ike whole is 

symmetrical, geometrically and mechanically, about a vertical 
plane through PQ. The trolley is placed on a rough plane, 
whose inclination to the horizontal can be altered, w ith L Q 
parallel to a line of greatest slope and AB above CD " a 
the inclination of the plane when the trolley is about to slip, 
the wheels A and B being securely locked, and /3 similarly the 
inclination when C and D are locked, shew that 

(21 + pr) tan a = (21 - j ir) tan 0 = [d, 
where r is the radius of a wheel and p the coefficient of friction. 

107. The centre of gravity of a car of weight W, which is 
driven by back wheels, is at a height h above tllie_ roadl lev. ^ 
the front and the back axles arc at horizontal distan 

front and 6 behind the centre ot gravity. 

If the brakes act on the rear wheels shew t ‘ iat ! h ^ g,e ^ l b® 
rotational inertia, the maximum retarding force tl . 
produced by' the brakes is 

(X Wfl 

a +; b + p h ' 

Also, shew that, whatever be the effort ot the engine, the 
maximum useful force that it can produce i* 

p W« . 

It is the coefficient of friction between the road and the tyres, 

'js-jtsz ns o^;rr 
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retarding force be can thus produce is either 


W 

li 


(a cos a — h sin a), 


or 



[ib cos a 
a -f b — ah 


whichever is smaller. 


sin a 



Here h is the height of the centre of gravity of the machine 
and the rider above the ground measured perpendicular to the 
ground ; and this perpendicular divides the line joining the 
centres of the front anil back wheels into segments a and b. 
The inertia of the wheels is negligible, and a is the coefficient of 
sliding friction between the wheels and the ground 

[Let F be the frictional force at the front wheel. Then the greatest 
retarding force must be K—W sin a. 

Let tho notation be as in Example ‘J page 72. Then the equations 
of equilibrium are 

R S=\V cos a. 

S. « —R. It — F. h = 0. 

(I) In applying tho brakes, tho cyclist mav so nrcss on the front 
wheel that t)i3 pressure on the rear wheel is nil'. 

In this case, therefore, K— o and 

F-W <« cos a,A; 

und so the greatest retarding force is 

W 

(a ‘-•os a —'h sin a). 

r • . H l *‘° ^ ,t ‘ > ** dUre 0,1 th° t"'° wheels is distributed, tho greatest 
frictional force must be 6 


... _ . W cos a 

1 - • 

the greatest retarding force in this case is 

V ,1 b _ p sin a sn ‘ a ) J 

1011. A motor car. when at rest on the level, has its total 
wu-jlit d., ,ributed so that the load on the rear wheels is W, 
nn;l on Me front wheels \V a . The wheel base is b and the 
in ig.it • i the cent it: ot gravity above the road is h. If a is the 
vocliicicnt ol friction between the wheels and the road and the 
” ct ec i u ll *y nil the four whec's. shew that when the 
bruiies are applied with increasing effect on a level road, the 

rear wheels will be the first to skid if 

W, b ... 2ah 

W., b ~ 2ah ' 

•* % 

Shew also that in order to obtain the greatest possible 
retardation without skidding when the road is level, the 1 brakes 
nust be adjusted so that the ratio of the braking forces F x and 
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F 2 on the rear and front wheels must be 

F, __ 6W, - [xh (W, + W,) 

. F„ " fcW 2 + ixh (W, + W a ) ' 

110 A circular disc rests in a vertical plane on a horizontal 
plane, and in contact with it in the same vertical plane there 
is a second equal disc which is also in contact with a peg.. It 

all surfaces in contact are equally rough, and the equilibrium 

is limiting both at the peg and between the two discs, find the 
position of the peg and the inclination of the line joining t le 

centres of the discs. 

111. A door is barred by means of a heavy uniform beam 
of weight W, «ne end of which is placed under the handle o 
the do“:>r while the other end rests on rough ground, the vertical 
plane through the beam being perpendicular to the door 
Find the reaction of the ground when a horizontal torce i 
perpendicular to the door is applied to the handle. 

Shew that, however great the force P, the door will not 
open piovided that the inclination of the beam to the vorUca 
is less than tan“V» where [x is the coellicient ot t.iction betwe 

the beam and the ground. 

112. Two equal uniform rods AC. <Ti are freely jointed at 

C, and rest in a verticul plane. Shew that, 1 IL . . 

of fraction is A, the angle ACB in hmrtrng equil.br.um» 

tan" ! (2 Tv). 

. When the rods are in this position, a weight i> 
one rod at a distance from C equal to xa an an | 1 ° 

from the other at a distance from C equal to i/a, a being the 
length of either rod Shew that, it cquili nun 1 

the inequalities 'Sx-r y >ov = '2, 3y-f x>or j mi .. . v ilucs 
and illustrate graphically the limitations on k P lK5> 

of x and y. 

113. A uniform plank with one end on the fround rests 

upon a fixed cj linder which is placed on le g* t j t t | lC 
axis perpendicular to the length of the plan j. ‘ . 8a *j s . 

angle a of the inclination of the plank to the horizontal satis- 

fies the inequalities 

tan 1 « = or<p, 


from 


tan A a 
2 sec a 


2-^ or < p- 


where p and 11 ' are the coefficients of limit ing friction of the 
plank with the cylinder and ground respective!) . 
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114. In tightening a nut on the wheel of a motor car, a 
force of 30 lb. is applied 
at the end of the span¬ 
ner. The line of action 
of this force is inclined 
at 30° to the horizontal 
and passes through a 
point 5 inches vertically 
above the point where 
the wheel rests on the 
horizontal ground. The 
radius of the wheel is 
14 inches. (See the given 
diagram.) 

Find the forces called 
into action on the wheel 
at its centre and where 
it touches the ground, 
assuming that the reac- 



ln which direction will the wheel rotate if the friction at 
the ground is such that the car moves before the wheel slips ? 
Shew all answers on a sketch ^ 


llo. 1 he given diagram shews the arrangement for laun- 
• hmg a girder uccross a gap. Transfer the figure by pricking 
through or tracing to \ our paper and assuming the girder is in 



equilibrium, determine 
tackle and the rcacti..n 
may be taken as , J 0 of 


ically the pull in the preventer 
at the roller. The friction at the roller 
1 h 1 normal reaction. 


10 . 



horizontal 


circ ular c\ 'irnier < f 
Juki it v, mu fm e in 


weight W rests with its axis 
contact with the sides of a 
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V-shaped groove. The angle of the groove is 90 degrees each 

of the Bides being inclined at 45 degrees to the ll " lz ™ t ^ an ^ 
the angle of friction between tr.e cylinder and the surfaces o 

the groove is 30 degrees. 

Prove graphically or otherwise that tin ' a * ut t*h ( * 1 cylinder 
force.which, applied tangentially to the surface of the ctlmder, 

will oause it to rotate in the groove is 

y/ 6 — y 3 

• •} 

Show also that the least force which will cause it to roll 

up one side of the groove is .y^iy 

,17- A uniform cylindrical shaft, of mass M and radius r 
rested a S V-groove, the sides of which-echoed 
at angles of 6 and <f> respective)} to ^ ^ wUhout losing 

couple is-applied to the shaft causing limiting angle of 

contact with the sides of the groove Hie mi g b js 
friction at both lines of contact is A and relate jg 0 

upwards on that side of the groo%e f degrees 

Show that it is necessary for (f+- h) to ne u » 
and that then the least value of the couple 

«4-0 + 2A 


cos 


sin A 


J l'jr. 


sm 


<t> T 0 


118. A friction grip for centrally pS 

in the figure. The hook is a (to 1 tbe , ifting tackle is 

in the upper surface of the olo 
attached to the eye P. 



Show. that, if tbe gripes not to slip when the block is slowly 
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raised clear of the ground, the depth of the block, D, must not 
be less t h an 

'2[d(c 4- a|x) + aV a ] 

2 au - d ’ - - v 

where p. is the coefficient of friction between the hook and the 
block. 

It may be assumed that the contact between the hook and 
the block occurs at two points and that the block is uniform 
and rectangular. 

119. The figure below shows a gangway leading from a 
quay wall to a ship. The wheel supporting the gangway at A 
is,free from friction and at B, the point of contact between the 
ship and the gangway, the coefficient of friction is 0 25. The 
total weight of the gangway is 1000 lb. and acts along the line, 
indicated. Determine the value of the force P acting along the. 
line shown which will just move the gangway forward. 



, ' '' : 7 1; gangway Mas been pulled into the position 

town tin ioree at C is removed, show that the gangway will 

jusv rcma.n in equilibrium. 

I!'the ship then gradually rises 8 inches, show that A will 


m°vr 2 feet away f rom the quay fare, and that, if the ship 
r "» the movement wifi 


lie I inches approxim.-it>lv. 
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120. A string ABCD is stretched between two points A 

and D at the same level. AB — BC — CD a ee . 1 

weights W are hung from the points B and C ; eausin 0 AB C 
to make equal angles Q with the horizontal. Draw , tl f ^ f ^ 
diagram for this arrangement and also the diagram o ‘ 

when one weight is increased by a small quantity 1 and the 

other is diminished by the same amount. 

Prove that this redistribution of the leads does not alter the 
horizontal tension in the string and that the weights fall and 
rise respectively through a distance 

P a sin 6 cos 2 0 

W ' 1 -f 2cos a o' 




CHAPTER H 

CENTRE OF GRAVITY 


§ 1. .SIMPLE BODIES 

27. Let G be the centre of gravity of a body suspended 
from O. The only forces acting on the body are its weight and 
the reaction at O. Taking the connection at O as frictionless, 
it is clear that this force is equal and opposite to the weight 
of the body. Hence, fur equilibrium, it is essential that OG 
should be vertical. For otherwise these equal and opposite 
forces will form a couple. 

If we suspend the same body from another point O', O'G 
must be vertical. The directions of these lines are therefore 
known, and G is the intersection of these lines. 

This gives an experimental way of determining the centre of 
gravity ot a body. 

If a plane divide a solid body into two parts of which the 
weights are equal, then the centre of gravity of the body must 
iie in this plane. This is almost axiomatic. Thus the ceutres 
of gravity of bodies having one or more axes of symmetry are 
easily obtained. 

ILLUSTRATIONS. 

(0 A uniform real has its centre of gravity at its middle 

section. 

00 The centre of gravity of a parallelogram coincides 
with its centre. 

(*“’) The centre of gravity of a circle or a sphere lies at its 
centre. 

(*Y) To find the centre of gravity of a triangular lamina ABC. 

1 iie median Al) divides the lamina into two parts of which 
the area? are equal. Therefore, its centre of gravity lies on AD. 
.timil ivly the centre of gravity lies on the median BE. But the 
medians AD and BE intersect in G where AG = 3 AD. 

Thus the centre of gravity of the triangle ABC lies on the 
median AD at a distance from the base equal to one-third the 
height of the traingle 

This point G is also called the CENTROID of the triangle. 
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Note: It is clear that the 

placed at A, B and ^ each of weight equal to one-third the 

mav be replaced by three pArticles, e, * 

weight of the triangle, placed at its vertices. _ , 

aiS one 

taking an axis of symmetry the < - » ’ stance x f rom 

strip of the body of infinites.,na Te dfsUnce 

the origin will be of the form J\x)- dx. uicreioie, 

of the centre of gravity from the origin would be 

r 


I 


X = 


f(x)-x dx 
[ f(X). dx 

both integrals being taken 'within the sr.no limits prescribed by 
the extant of the body in question. 

Illustrations. ^ Here the median AD is an 

(1) Triangular lamina ABC- and AD «s x-axis, the 

axis of symmetry, lakm, a bq d distant 

area of a strip of width dx ^ parallel to the base m, 

x from A varies as xdx. lheri ore 

f 

— ■ AH Ins before) 

x = f\o 
I xdx 

. i nA nr I etG be the centre of gravity 

(2) Tetrahedron OABC. £ ^ ascclion abc parallel to 

of the triangular base ABC. > _ . 0 f the triangle abc, it 

the base. If , be the centre of grav.t^ » thilt 0 , a . U 

is an elementary exercise in g symmetry. Taking O as 

are collinear. Thus OG is an ■ lXI! ’ r* a str jp G f infinitesimal 

origin and OG as x-axis, the vo i - distant x from U 

thickness dx parallel to the base AHU 

varies as x 2 dx. Therefore, 


. / 

x = 7oo 

y o x%ix 


J t og. 

4 


^ ** .. /%n n height ixbovc 

Hence the centre of g^v“y ‘ c3 of ^ tho tetrahedron, 
the base equal to one-fourth Lefc G be tho centre of 

(3) Pyramid OABCD-. If OG meet the section 

gravity of the base ABCl ••• — " • . then g must be the 

iw... .drawn para lcl to theta.. -ml. ^ ^ ^ ^ of 

centre of gravity of this , h volume of the strip 

symmetry. Since, in this case as wen, m 
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of infinitesimal thickness dx at a distance x from O varies as 
x 2 dx, the centre of gravity lies on OG at a height above the 
base equal to one-fourth the height of the pyramid. 

(4) Cone. If the cone is solid, then the height of its 
centre of gravity above the base = 1^ (where h is the height of 
the cone) as in the case of a pyramid. 

If the cone is hollow, then the strip of area of infinitesimal 
thickness dx at a distance x from the vertex varies as xdx and 
so the height of the centre of gravity above the base 



where h is the height of the cone. 

(5) Arc of a Circle. Let the arc AB, radius r. subtend 
angle 2a at the centre O. Take the origin at O and x-axis 
along the radius to its middle point C of the arc AB: this is 
the axis of symmetry. Let G be the centre of gravity: then 


/ xd .h [ a r cos Q. r dQ 

OG— J-~ a - 

/: - 


= r 


2 ra 


sin a 


a 


A 



S) Sector of a Circle Die oentre of gravity G of the 
’C< or r \\B can now be easily obtained. For consider a small 
sectorial area Oab. Thb may be considered as a triangular 
area and so may be luplicod by its weight at its centre of 
gravity g where Op - ijr. Dividing the sectorial area into an 
infinitely large number of such areas and replacing these areas 
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by their weights it is seen that tho centre of gravity of the 
sector OAB coincides with that of the arc of a circle of radius 
and subtending an angle 2a at the centre. Hence 

OG = ? r Si " “ • 

o a 

For a semi-circle- a = nl'2 and 

• 4r 

0C =3, 

This result mav he obtained independently as w P U. For in this / <*) 
varies as \/r* — x 1 and x ranges from —r to r, and so 


OC1 


J 


x\f r 2 -- x 2 dx 




x 2 d 


4r 

77 


r 


(7) Segment of a sphere. Take the origin at the centre 0 
of the sphere and the axis of symmetry as the ^ 1 
this case, the volume of a strip of mtinitosirno i • • 
a distance x from O is rr(r 2 - **) dx ; therefore, .f G be the 

centre of gravity, 

f'nir 2 - x 2 ) xdx 

OG = j -f r -- 

J n{r* - x *) dx 

-[(Jr*** - J**)/(r*ae - $*’>]' 

= (i r 4 _ * r 2 a n - 4- K)/($r s - r*a + K> 

= 2(r2 _ a 2 ) 2 /(r 2 - a 2 ){2r + «) 

3 r 2 - a 2 
— 4 2r + a 

For a hemisphere, a = 0 ana 

oc -}, 

§2. COMPOUND BODIES 

29 . First suppose it is required to find the centre of 8 rs Jj ,l ^> 
of two bodies of weights W, and W 2 . Let G, an a ^ the 
centres of gravity Then the centre of gravity 
line 0|G t and is such that 


or 


W r GjG = w t . OG*. 
G,G = Wl ^W 7 ° |Gr 


‘ 2 ' c f 

Next, suppose it is required to find the centre of K r ' 1 ' 1 > ° 
a body of weight Wj from which a piece of weig 1 2 
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removed. In this case, the centre of gravity G must lie on GoG! 
produced such that 

W,. G,G = W 2 . GjGj, 


or 




a* 


This is merely equiva'ent to finding the point of intersection of the 
line GiGj and the lino of action of the resultant of two like or unlike 
parallel forces. This could be done by moans of Varignon's theorem as 
applied to parallel forces. 


ILLUSTRATIONS. 

(8) Segment of a circle. The segment ACB 

= (sector OACB) — (triangle OAB) 

(See Fig. on page 110] 

= r-a — r- sin « cos a. 

Taking moments about O, 

(r 2 a — r 2 sin a cos a). OG = r 2 a x ijr - a — r 2 sin a cos a 

X §r cos a 

or (a — sin a cos a). OG = r (sin a — sin a cos 2 a) 


OG = 5 r 


sin 3 a 

a — sin a COS a 


(0) Hetni-spherical shell- Let a. b be the outer and inner 
radii of tin- shell. Then taking moments about the centre O, 

( 2 770 2 — 5j w 6 3 ) OO = 37 r« 3 X \\a — 2 Trb 2 x lb, 

( a 3 — V') 00 = 2 (a 1 — b*). 


or 

or 


or - :*‘" 2 b ' ] + 6 > 

0(t -^ a*'+ alT+W ' 


If ill- thickness a — li is negligible, we may put b = a in this 

formula and obtain 


og= ; 

for a hemi-spneriral shell. 

This result, may bo obtained more easilv by integration as follows : 
Tako O or ‘r ia and the axis of symmetry as .r-axis, • then / (x) 
77/i and so 
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(10) Trapezium. In the trapezium ABCD (see diagram), 

suppose that AD, BC are parallel and that=-y a l so E 

be the middle point of AD and F that of BC. Then BA, CD 
and FE produced must meet, say in O. 

Let G be the centre of gravity of the trapezium : it lies on 
EF. Let Gj, G 2 be the centres of gravity of the triangles OAD, 
OBC respectively. Taking moments about F, we have 

[AOBC - AOAD]. FG = AOBC. fg 2 - aoad. FG,. 

AOBC b 2 OE OF EF 

N ° W AOAD “ a* ’ a ~ b b-a' 

and FG 2 = i OF, FG, =* OF — § OE. 


and 


whence 


a ' EF b-a b-a 
1 b 3 — 3 a 2 b + 2 a 3 
= _ 3 b — a 

= ](/>- a) (b + 2a) 

EG = a + 2b 
GF 2a + b 



This result may also bo proved as follows : 

The areas of the triangles BAF. AFD. FDC are respectively pro- 
portional to b, 2a. b and ho these nmv bo replaced bv particle*, of wo g . 
(Bay) b. 2a. b at their vertices. Thus the trapezium is replaced by weights 
2a + 6 at A and O, weights b at B and C, and weight 2a -r- 2 b at h . 

The weights at A and D are together equivalent to a weight 4a + 2b 
at E ; and the weights at B. C and F arc together equivalent to a weight 
2a 4- 41* at F. Hence tho centre of gravity G divides Eh in the inverse 
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ratio of them? weights, that is, 


EG « 


21 . 


GF”2o + 6 

The centre of gravity of a trapezium may also be obtained 
by either of the geometrical constructions given below. The 
second construction is sometimes more handy and is sometimes 
considered more useful as it applies to any quadrilateral 
whatever. 

Construction 1. Produce AD to H and CB to K as shown 
and set DH = BC and BK = AD. Then HK intersects EF in 


the centre of gravity G. 


For 


EG 

GF 


EH a 4-2b 


FK 2 a + b ' 

This construction gives an easy method of finding the centre 
of gravity of a trapezium. 

Construction 2. Let the 

diagonals AC, BD of the quad¬ 
rilateral ABCD intersect in L. 

On the diagonal AC, take CN 
equal to AL. Then the centre 
of gravity of the triangle BXD 
is also the centre of gravity of 
the quadrilateral ABCD. 



For t lie ureas of the triangles 
ADD. CBDare proportional to AL 
nnrl (-L respectively. Replacing those triangles by weights 4L and CL 

Coincides with°tha't 1 'of'pnrl f cTat^C and° 

i\ *"' d C V C --Ualentt 

1 ? ■ uni f° rm circular plate, a piece in the 

tr L/ ' J i< V angu is removed - V the verte * of the 

„ . \y lh ? circumference and the mid-point of the base at 

centroid °f ,h ° p° r - 

■ emovrf 0 ,^ l !'nvT| lr ' ,° f th< ‘ circlc ’ ABC be the triangle 
centre of V,., v -* 0 *V ‘ e , dl . Hmeter through its vertex A. The 

mlenUnCt'o. ,hU di "- Taking 

). OG-S^.-L- 

' 4 / 4 2-y/3* 

where r is the radius of the circle. 

Thus 


OG = 


Sn-2y/3 


= 0046r. 
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Example 2. To find the centre of gravity of the arc of the 
£ 

curve y =— [t x ' c -\-e~ z e ) measured from its lowest point C to any 

S 

point P (x, y), 


[The given curve is known as the common catenary. For details and 
form, boo Chapter IV §3.] 

Let the arc CP be s and let (*, y) be the coordinates of its 
centre of gravity. Then 


8 


/ s rz ££ 

x ds = J -g- ( e llc + e~ xlc ) dr 



= s x — c(y — c) 



and 


Thus 


s 


. y = Jyds = j‘ X - C e f(e*i>- + e” x,f ) 2 dx 


_ _ (e 2x /c — e~ 2zlc ) + er 
4 

= cx 4- ys. 

r = x — liy — c )> »/=■•//+ s r - 


Example 3. Obtain the formulae for finding the centre of 
gravity of a plane area in Cartesian Coordinates. 

If(x, y) be the coordinates of the centre of gravity of the area 

bounded by the cycloid whose freedom equations are 

x = a (t + sin t), y = « i 1 — cos 0. 


its base and the axis of y, prove that 


x 





Let it be required to find the centre of gravity of the area 
(ALMB) ; let U denote its magnitude. 

The centre of gravity of the infinitesimal strip of area 
PNN'P' ( = v dx) is at a distance of x from y -axis and \y Irom 
z-axis. Therefore, taking moments about these axes, we have 
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_ i rb _ i rt> 

that is. x = ~sJ a xy dx ' y ~~SJ J y * dx ' 



In the particular case given. 

S = the shaded area 


=fy a -y)-£ d > 

-rf/'o + cos t)*dt = o 2 (t 7 + 0 
= f 77 a 2 . 



= fa 3 + (.W 2 - 4) a 2 + J 


+ | na*J^cos*! dt 
- 177 2 a 3 . 
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and 


8. y 


-/ 


77 (a + \y). (2 a — y) 4?- rf/. 
0 




iva z 


+ U 3 /; ( 1 - cos 2 0(1+ cos t)dt 


Hence 


fwa 3 -f \va A = l^ra 3 . 
9t7 2 - 1C» 


x = 


18,7 


a , y = ~7ra. 


EXERCISES V 


1. A uniform rectangular block of wood, 12 inches by 10 
inches by 4 inches, is suspended freely from one corner, bind 
the angle in degrees made by the longitudinal axis of the block 

with the vertical. 

2. From a square piece of card board of 18 inches side a 
triangle is cut away along a line joining the middle point of 
one side and an opposite corner. Shew that the centre of 
gravity of the remainder is at distances 7 and 8 inches respec¬ 
tively from the whole sides. 

3. Particles of weights 1,2.3,4.5,0 lb. respectively are 
arranged in this order round the circumference of a circle ot 
radius 10 inches at intervals of 00' l 1 ind the distance o t \e\r 
centroid from the centre of the circle. 

4. A square ABCD is divided into two parts by joining 
A to E, the middle point of BO. Prove that the line joining 
the centre of gravity of the triangle ABE to that of the 
quadrilateral AECD is perpendicular to AE. 

5. A pack of cards is placed near the edge of a table and 

its cards are displaced longitudinally over the ec ge o 1 • 

without upsetting the pack. Shew that the successive overlaps 

are in harmonic progression. . . . 

6. Find the position ot the centroid of a hemispherical 
shell of uniform density whose external radius is _ feet and 

thickness 3 inches. 

7. A chessboard ABCD, 8 inches square, is divided into 
sixty-four squares of side one inch. The eleven squares wo^ 

centres are nearest to the corner C are cut away. '. 

distance from A of the centre of gravity of the remainder is 

4 949 inches. 

8. A lever AB is 10 feet long and weighs 30 lb. it is 

supported horizontally on a knife edge at . w uc: i i. 

from A and it is then found that when a it ? eV e r 
end A, 36 lb. must be placed at the end B to balance the leve 

and when the weight M is placed at B, a load of 40 lb. at A 
required to give balance. 
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Find the weight M and the distance of the centre of gravity 
of the lever from the end A. 

9. A steel cube, 4 inches on each edge, has a rod, also of 
steel, one inch diameter, perpendicularly fitted into the middle 
of one face so that it projects for 10 inches. Find the centre 
of gravity of the combination, measured from one end of the rod. 

10. A circular thin plate, 10 inches diameter has a circular 
hole punohed out of it, 4 inches diameter, so that its centre is 

inches from the centre of the plate. Find the centre of 
gravity of the punched plats. 

11. Two isosceles triangular plates have equal bases, the 
height of one plate is 6 inches and the other is 12 inches ; the 
plates are joined together at right angles to each other by the 
equal bases, the larger plate lies in a horizontal plane and the 
smaller is vertical. Find the centre of gravity of the combined 
plates with reference to the middle point of the common base 
us origin and the centre line3 from this origin to the apices of 
the triangles as axes. 

12. Find the centre of gravity of the circular sheave with 



bosses at E as shewn in the figure above. A circular hole is 
nored through the sheave at F. 

line8AB t CD diStan0eS ° f thC Centre of 8 ravit >’ from the centre 

one 3 conL S TlifJ| ieC,> ° f pa >’" ABCD ° f >'^ 0 ™ thickness has 
middle noh.t nf th. T 1 ,h ? t tl "' F»int D comes on to the 
the e nure of or,V . V W " 1 AC ' P™ve that the distance of 

points ACife^i to 80 f °' ded fr ° m ,he middle 

14. A Hat plate of sheet motal T..u; n i, • i , 

uniform in thickness, has two hot ^h‘of 6^hT™t« 
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bored in it. The coordinates of their centres, measured from 
perpendicular axes which intersect at the point where the 
centre of gravity of the plate was before any holes were made, 
are respectively (2,0) and (-3,-4). A third hole of diameter 
d and the coordinates of whose centre are (x, 6) is to be bored 
restoring the centre of gravity to its original position. » iow 
that x—\'5 inches and d= 4'9 inches approximately. 

15. The plate shown has one corner turned over and 
flattened down. Also a hole of 2 inches diameter ^ cut out 
of it. Show that the distances ol its centre of graut) iron 
AB and AC are 5 93 and 4 88 inches respectively. 
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long from the floor to the bottom of the frame, weighing 1 lb. 
each. Find the centre of gravity of the whole and the angle to 
which it can be tilted sideways on the legs AB without toppling 
over. Take dimensions shown in the figure. 

17. A cylinder with plane ends perpendicular to the axis 
has a portion removed as shown in the figure. It is kept in 


30' 


30 ^ 


P- * * 

cylinder and°themline isSS 0 ©* 1011 ° f the reaction between the 

ly from the top to** the bottom' 1 °. f ll . ,adder increases uniform- 
great at bottom asattheton T^ , th ,°, MAot and «twice as 
tal plane and rests against Avni ..°i ,adder stands on a honzon- 

at both ends of the ladder is > fi .^ a •, The angle of friction 

pr °v° that " S -“‘-.ion , t0 8liP ’ 

!> tan 0=4 cot * -5 tan ^. 

angles at a poh.r^utnchcl^fro 0 inches lon S is bent at right 

It is suspended b v a thro-, i f T end and is thus L-shaped. 

arm of the L. Find the the cnd of the logger 

the bent wire and the Fnelin°?- ^ centre gravity of 
vertical. * ,,u ““^nation of the longer irm to the 

plate o inches by 7 in C t r., s <Ii | l , niotor is grilled in a rectangular 
from each of *\, u , - ' ly e centre of the hole being 2 inches 

centre of gravitv u f t j.e fjlVii ‘i ld . ca ‘ ^‘ nd tbe position ol the 

21 a ll- t \ an,,eti plate, 

equilateral trianyl'F ('eF',!’ is f ormed of a hexagon, with 

oneedge to an f(l.. e of i, d r ,<led trt the hexagon) attached bv 

- 'e hexagon. If one of the triangles is 
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removed, find the position of the centre of gravity of this plate 
in terms of the length of a side and with respect to rectangular 
axes, one along the exposed edge ot the hexagon and the other 
through the apex of the opposite triangle. 

22. A hollow steel shaft of length 16 inches is uniform 
throughout and has an internal diameter of 2 inches. Starting 
from one end A, the external diameter is 4 inches for a length 
8 inches and then diminishes (with uniform taper) to 3 inches 
at the other end of the shaft. Find the distance of its centre 
of gravity from the end A. 

23. A closed vessel made of thin sheet metal of uniform 
thickness is in the form of a right circular cone. I he base 
is of radius a and the height of the cone above the base 
is h. Shew that the height of the centre of gravity of the 

vessel above the base is _ 

1 hVh 2 4 - a 2 

IT* (T+ Vl> 2 T~^ 


24. Any point P is taken upon the diameter AB of a semi- 

circular area, and semi-circles on Al and 1 1 as ( 1,1,1 1 

are removed. Find the centre of gravity ot the area that s 
left ; and shew that for different positions of 1 on All, the 
centre of gravity always lies midway between 1 and a certain 

fixed point. 

25. A box OACB, in the shape of a rectangular parallele¬ 
piped, in which OB = 10 feet, is packed non-um <»rmh il,ul ' 1 
position of its centre of gravity is required. 1 he box »* su PI )0rt 
ed on a weighing machine at O and B. supporting edges bung 
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lifted through 2 feet relative to O, and the loads are then 1*40 
tons at O and 0 - 88 tons at B. Shew that the x, y coordinates 
of G (the axes being as shewn) are given approximately by 
r=4 - 605 feet and y=ll ‘65 feet. 

26. To find the height of the centre of gravity of a loaded 
lorr}', the two rear wheels are placed on a weigh-bridge and the 
reading is to l lb. With the two front wheels on the weigh¬ 
bridge, the reading is w 2 lb. Then a block of height h feet 
being placed so as to lift the two front wheels, the block being 
on the weigh-bridge, the reading is w 9 lb. The wheel base 
being b feet, find an expression for the height of the centre 
of gravity in terms of w l% tr 2 . tr a , h and 6. 

27. W is the total load on a truck. O and A may be 
taken as axles, OA =1 and horizontal, and the force at A (by 
weighing machine) is R. With A jacked up so that OA makes 
an angle a with the veitical. the force at A perpendicular to 
OA becomes S. Shew that relatively to OA the coordinates of 
the centre of gravitv of the load are 

/ * t 

Show that there should be a check at O to prevent slipping, 
and find the force at O and its horizontal component. 

2S. 1' i rid the centre ot gravity of a sol id cone of vertical 

angh- 2a. to the base ot which is attached svmmetrically a 
solid hemisphere of radius e.jual to that of the base, the whole 
being made of uniform material. 

20. A solid is formed bv a uniform solid cone of serai- 
vet tica! angh 1 a ami the major segment of a sphere of radius r 

so that the g-u. rating lines of the cone are tangential to the 
sphere at the «ircle of contact. 

I’ru\- ’• i• • • * -he distance oi the centre of gravity of the 
solid from the < eiiUc of the sphere is 

j r (i — sin a) 2 /sin a. 

.10. •' e.>‘ piute weighing 00 lb. is suspended 

m an a;-! ( ir. i,s u ' <>ntal position by three long similar 
shtt sp: m.. . i. n* -i I t r the* corners A. B and Cofan 

etjUilater i! 

’.be plate. 


K 8 . 

-I tan a — sec a j 


\ 


I • i • * 


!<» inches side drawn ou the surface of 
11 d' he springs are all of the same 

1 1 '■ 1 »‘l* at tin- same level. They all 

exi-n<j tt.e ,n - .imler the same load and the exten- 


! .oi. When earning the plate 
l r • 1 In liu ' • A » In lbs and load in B' is twice that 

in the springs B and C and the 


in t’. l)et 


el mil' 


1 > • i ? t. r 

\ 

• 4 

.» 



i i 

ri:r«* * 

! • 4 


— I - - - - ~ — *■ * * V* 

1 I 1 • m"'. 1 , ■ -t vity ».f the plate relative to the 

sides A I!, BC oi t ,= u-. n L de ABC. 
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31. On the radius OA of a circular disc as d a “« e r, a 
circle is described, and the disc enclosed by it isi cut out• 1 

the remaining solid rest in a vertical plane on two. rough pegs 
in a horizontal plane subtending an angle .e at. the centre O 

shew that the greatest angle that OA can “'"'“." ‘ '“"Y'he 

is Sin-M3 sin 2h sec «), where h is the angle of friction at the 

pegs. 

32 If a solid hemisphere i* suspended by a strin f= P^ sing 

through a smooth fixed ring and attached ^ 

rim of the plane face at opposite ends of a d, *“ et "/ horizo utal 
in equilibrium with the plane face indued to the 

8 tan 9=3, where 29 is the angle between the parts ot 

33 A triangle ABC, formed of uniform rods of the same 

material andhavtg 1 He* cross sec, ion rests, in aver ica I pi 
with each rod in contact with .-o h c of 

axis is horizontal and whose secti i intersection of the 

the triangle. Shew that plane 

medians of the triangle AB< must w 

through the axis of the cylinder. 

faceof a^Ze cut ,-^p^s ism'.dway between 

the planes. » r • 1 * \v mntains a weight * 

A thin hemispherical bowl of ]ane G f inclination a. 

W' of water and rests on a rouph 1 j an a ni:le c f> 

Shew that the plane of the top of the bowl makes an 

with the horizontal given by 

W sin <f> 2(W + W') sin “• 


vertices 
Find 
their 


gon is a 


polygon us origin, v/a i () p an ,i ( ,n the 

the line through O perpendiculai i , )0 h 

ofOPj&flP,. Shew that, if and onl> it 1 . 

square, will h = k. , • ,, pi* ; s 

36. A straight wire AB of k*ngl ^ ^ . g first bent about 

risected in D, DB in E, and so o • ^ { -^ jj coincides 

MiUB coincides with A, then ben ..bout 1 . so 


C till B coincides with a, V, • " 1) and so on, so 

with C, then about E till B’ foldc(1 in two each time. If 

that the portion terminating lhc distance of the 

centee°of^avit^fro^^bc l WmiUng C p®8‘ l, ion of , 

«■ a r 1 e ^ of U& r on 11 i ;t 

ness everywhere, lhc oasc is *» , . . a To 

stands a right circular cylinder of radius a and height 
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this is joined the zone of a sphere of radius a between a dia¬ 
metral plane and a parallel plane that cuts off a cap of semi¬ 
angle a. The neck now follows in the form of a right circular 
cylinder of radius a sin a and height a. Find the distance of 
the centre of gravity of the bottle from the centre of the sphere 
of which the zone is a part, and find graphically the two values 
of a for which the centre of gravity is at this centre. 

38. Find the centre of gravity of the area enclosed by the 
parabola y 2 =Aax from the vertex to any point P ( x,y ), the 
a>axis, and the ordinate at P. 

39. Prove that the coordinates of the centre of gravity of 
a quadrant of a circle of radius d referred to the bounding 
radii as axes are 4 a/ 37 r and -ia/'S-x. 

Deduce or otherwise obtain the coordinates of the centre of 
gravity of the quadrant of an ellipse. 

40. Find the centre of gravity of the arc of a cycloid 
measured from the vertex to some given point. 

41. Find the centre of gravity of the area included between 
the curve y—c cosh {xjc), tho a.\is of a;, and the ordinates at 
( 0 , c) and (x\y). 

42. Prove the following theorems known as Pappus or 

Guldins Theorems. 


(a) If an arc of a curve revolve round a given axis in its plane, 
then the area of the surface generated is equal to its perimeters 
multiplied by the length of the path described by its centroid. 

(h) Jf a plane urea revolve round a given axis in its plane, 
then the volume of the surf ire, generated is cqualto its area S multi- 
pil'd by thi b ngth of the path described by its centroid. 

| These results cun be easily proved. 


(«) Let da be an element of the arc AB and let y bo its distance 
from the axis of revolution. When it bus revolved through an angle Q 


tho surface generated = da = By. a = ( its perimeter ) x 

length of tho path of its c.p.) 


(the 


( ii) Let d A be an clement of the area, then tho volume generated 


= j “i./ 2 O.dx = Of. S.] 


43. Prove that the centre of gravity of the minor segment 
of the circle r- 4 - y- = 2ax cut oft' by the line y=x is at the 
point 




CHAPTER III 

WORK 

§ 1. WORK 

30. Definition -Ifaf™ 

iXTkVo^ite sense, n-ork is saii ,o be tone 

agai Zlt°Z elements of wo* ate force and 

Let a force P acting on a body at A cause .t o move 
position 0; then OA is tl.e displacement of 

The quantity of work 
done i9 measured by "the 
product of the displacement 
and the component of the 
force in the direction of 
the displacement or 
alternatively by “the pro¬ 
duct of the force and the 
projection of the displace¬ 
ment on the line of art ion 
of the force." 

These definitions are equivalent 

either case = P. OA cos 0. W ork done against 

Analytically, the force P ^ wo.k or 

it according as this product is I direction of the force. 

If the displacement is taken it ror res pond. The work 

the force and displacement are • ■ juct G f the force and the 
done is therefore equal to 1( I 

corresponding displacement. un( j j 3 tho amount of 

The unit of work to one foot-pound. ^ ^ a distance of 
work done by a force of one p 

one foot. , constant force ; the 

It is easy to find the wo* don® by in either of the 

work done by a variable fore- 

following ways. diagram within the limits 

(1) We may draw the value of the force at a 

of displacement (a,h). I* 1 
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distance the work done in a small displacement 8s is P.Ss 



which quantity is represented by the shaded area. Hence 
during a given displacement the area under the curve gives the 
work done. 

(2) If P be given as a function of the displacement s, then 
in an infinitesimal displacement tlie work done is P.Ss and so 

b 

the work done = v (P.S,?) 


s—a 
/*!> 

= / P ds. 

•I 


J 


Example 1 .1 body of weight IE undergoes a vertical dis¬ 

place. nwnt. Shew that. if the centre of gravity Jails through a 
distance. h. the work done is ll'/f. 

L'-t 'he body consist of an infinite number of particles w x , 

a'o, - ..... so that \\ = u\ 4 u\, 4 . Let z v z 2 , .denote 

the heighu- ot the particles above any given horizontal plane 

be fore displacement takes place, z\, z’ 2 , ., after ; and let 

the eorre.-q ondmg heights of the centre of gravity be Z and Z’. 

Then W.Z = v («-). W.Z' = S (wz'). 

Thereto .• \>ork done by the particles 

= Si> (=--')] - W (Z-Z') = W .h. 

Example 2. .1 wan pulls a bucket full of water from a well 

"h lS 3dfe.Lt d>cp. If the weight of the bucket and water be 
-5 pounds, find the amount of useful work done. 

Duting the hauling of the bucket, the downward force 
remains constant. Therefore the useful work done 

= 30 x 25 = 750 ft. lbs. 

Example 3. .1 load of 2 tons Is suspended by a vertical rope, 

■ 1 .00 feet long, ihe rope itself weighing 6 lbs per foot. In winding 
up the load to the top. hair many foot-pounds of work are done ? 
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The weight of the rope is G X 300 or 1800 lb. and acts at a 
depth of 150 from the top. Therefore the work required 

= work done in lifting the rope 

-f work done in lifting 2 tons 

= (1800 X 150 + 2 X 2240 X 300) ft-lb. 

= 1.614,000 ft-lb. 

Example 4. Calculate the work done t n pushing a body, 
washing 40 lb. along the line of greatest slope up a rough plan 
12 feet long inclined at 30" to the horizontal. The coefficient of 
friction between the plane and the body ts 0 

The least force P which causes the body to move up the 
plane is given by (See Ex 2. Art. 10) 

P = W sin (« + A) see A 
= w (sin a ■+■ u cos a) 

/1 1 \/3\ 

= 40 ( 2 + 4 - ■>) 

= 28 GO lbs. 

.\ the total work done- P X displacement = P x 12 

= 343 02 ft-lbs. 

ir i c rh* pressure on a piston working in a cylinder 

pressure on the piston a n ts / > > »./ 

piston moves from B to A. 

At B set up an ordinate 111. to represent 
lbs ; then AL is the force space graph o tin p.s on. 
re = area A 111. - IxJX 1-0 =• 22- ft-lb. 

F 1 fi A bodu undergoes an angular displacement 

Example 6. A boay v j To r, n d the work done 

under the action of a torque 1 about v. j 

in any displacement. ... , 

Let the body be composed of an infinite nunjberof l-artrc^ 

Let w be a particle situated at A. ^ o tonl|)on( .„, s / 

forces acting on the particles be 
perpendicular to OA and/' along O; . 

When the body turns through an 

moves a distance rdO perpend c . fxrdf) Hence 

ment along OA. Therefore the work done is/Aral, . 

the total work done in the angular displacement 0 

= 2(/Xrd0) = d0 S(/xr). 

Bm y (/ xr) = (moment of external forces aboutO) 

; + (moment of internal forces about O) 

= moment of external forces about O 
= the torque T, 


w 

done 
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for, since the internal forces together constitute a system in 
equilibrium, their moment about 6 vanishes. 

Thus the work done = T. db. 

If the torque be constant, the work done = T.0, 6 being 
the total angular displacement. 

If the torque be variable, work done = 

/! T dd; or, in this 

case, we draw the torque-angle graph and then the area under 
it would represent the work done. 


§ 2. VIRTUAL WORK 

31. Suppose a number of forces P„ P 2 , ., acting on a 

particle at O, cause a small displacement ds of the particle along 

any direction OA. Let a 1# a 3 , .denote the inclinations of 

these forces to OA and Q that of their resultant R; then 

R cos Q = v(P cos a). 

Now the work done by the forces 

=**1 ds cos a x -i-P 2 ds COS a,. 

= ds. v (P cos a ) 

= ds. R cos 0, 

= work done by their resultant. 

Example 1. A force P (inclined at angle a to x-axis) Acting on 

a particle at A (h k ) causes it to move to an infinitesimally near 

position A. If dx, dy denote the linear displacements of A 

parallel to the axes and dQ its angular displacement about 0, find 
the work none. J 


Let OA = r and angle AO.r = 0. 

The position A' is obtained first by turning OA through 
angle ,*0 about O and then giving it the displacements dx and 
dy. Thus the coordinate ot A' are 

[r cos (0-\-d0) -\-dx, r sin( 0 -j-<£ 0 )-f dy] 

Yh—kd$-{-dx.k+hd8+dy] approximately. 

The force P has components (P cos a, P sin a)/ The dis- 

fearer of h P e 

• the work done 

= Poos a. dx+P sin a. dy+(P sin a. h — Pcos a. k) do. 
An l 3 . 2 ,- Virtual Work— If the forces be in equilibrium R —0 

2 (P. dp) =0. 
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Arts. 33-34.] ___ 

This is an equation in differentials which vanishes, not because 
the infinitesimal displacements dp vanish ultimately but because 
of the ratios which these bear to eacli other. For this equation 
may be written 


p i P d llA.y 
P,+ Pf 3 


= 0 , 


in which the coefficients of P's are finite numbers. 

The infinitesimal displacements dp are called virtual dis¬ 
placements and 2(P. dp) or the work done is called the virtual 
work. 

From the above it follows that 

“If a number of concurrent forces acting on a body are in 
equilibrium , their virtual work in any possible displacement is 
zero and conversely .” 

It should be noted that the body should be given a virtual 
displacement which must bo consistent with the geometrical 
constraints of the body. 

When the equation of virtual work is formed for displace¬ 
ment in two different directions, we obtain 

2 (P cos a) —0, 2 (P cos p) = 0. 

whence it follows that 1< = 0. 

This is the principle of virtual work. It can be applied to 
a system of particles and to rigid bodies also. 

33. System of Particles.-Let the particles at A,B of a 
system of particles be displaced to A ,B and let 1» deno ' 
mutual action between the particles. The work done in Ins 
infinitesimal displacement 


= R. AM—R. BN 
= r|(AM + MB) 
- (MB + BN ) 


6 


/ 



r 

L 


B N 


= R (AB - AT V cos 0) 

= - R. Sr 

to the first order of smallness, ar denoting the increment of AB. 
If therefore the distances between the particles remain 

invariable, the virtual work done by mutual act.ons and -tac¬ 
tions will not appear in its equation. 

The equation of virtual work may therefore be applied to a 
Bystem of particles. 

infinUe ~ 
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alter, we see that the equation of virtual work may also be 
applied to rigid bodies. 

Using the notion of Art 25, this may be seen as follows : 

Let a number of forces act on a rigid body. These are 
equivalent to forces X, Y at any base O in two mutually 
perpendicular directions together with a couple G. Let these 
forces cause the centre of gravity of the body to undergo dis¬ 
placements dx, dy parallel to these lines and an angular dis¬ 
placement do about O. Then the virtual work of the forces 
(see article 31) 

— X. dx -f- Y. dy -f G. dQ 

If the system is in equilibrium, we have 

X=0, Y= 0, G = 0 : 
and so the virtual work vanishes. 


The converse is also true. 

For let the virtual work vanish, that is, let 

X. dx -f Y. dy + G.dO = 0. 


lhe virtual displacements must be possible ones, that is 
to say, must be consistent with the geometrical constraints of the 
j l.v, *'"t otherwise they are quite arbitrary. Choosing the dis¬ 
placements sucesssively parallel to :r-axis, y-uxis and perpendi¬ 
cular to the line joining the origin O to the centre of gravity of 
the body, we have J 


X. dx =0, Y. dy =0, G. dQ =0. 

,hal », X=0, Y = 0, G=0 ; 

that is. the system is in equilibrium. 

35. l‘rom article 33, it follows that all forces of the nature 
ot nct i< ns and reactions will not make an appearance in the 
equation of virtual work. These forces may be classified as 
(1) Tensions in tncxlensiblc strings (2) Compressions of rigid 
rods and (3) Reactions at smooth contacts. 

A few examples are given as illustrations of the principle 
of virtual work. 


Example 1. In the mechanism shewn in the accompanying 
figure, the part B can slide without friction along AC. If the 
force P balances If. prove that 


■win re BN and DAI 
irely. 


BN.AB 
BAI. AC' 



are perpendiculars on 


AD and BC respect - 
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Set Z. BAD = a and Z. DBC = p. 

A possible virtual displacement is 
one in which the angle a increases 
slightly so that P moves perpendicu lar 
to AC and W vertically. Thus the 
equation of virtual work would be 

P. (AC da) + W. d (DN) = 0. 

But DN = BD cos (p - a) 


so that d (DN) 

= - BD sin (p - a) (dp - 

,BD /dp 


da) 


and 


P = W 


Now 


G - 1 > 


AC \da 
BD _ AD 
sin a - sin 8 



whence BD cos p. dp = AD cos a. da, 

dp AM, , AB 
or <f a ~B M" 1+ BM 


Hence 


_ BN. AB 
“ BM. AC 


This is example 4 page 03 solved by tlio metliod of virtual work. It 
will l.o noted that the forces of reaction at A and D undergo no displace, 
ment whatever and so do not appear in tl.o equation for virtual work- 
The reaction R between tlio slide H and the arm AC contributes equal 
but opposite quantities of work for tlio two portion-, and so dors not 
appear in the equation of V. W. 

Example 2. On a fixed circular wire (centre 0 and radius r) 
in a vertical plane slide hoi small .smooth rings A and B, each of 
weight W. The. rings are joined by a light inextensible string of 
length 2a «2r) on which slides a small smooth ring C oj 
weight P. 

Prove that for equilibrium either both parts of the string are 
vertical or else P is at a distance from the centre of tie wire 
equal to 


/ !L.(r»-«*)U 

\1K+P' '/ 

Set angles AOC, BOO equal to a and let the string make 
angle 2 p with the upward vertical. If y, z denote the teig i * 
above the horizontal diameter of the wire of the rings - (or 
and C, we have 

y = r cos a, z = r cos a - a cos p ; 

also r sin a = a sin P 

Let the system now be given a virtual displacement, then 
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that 


the equation of virtual work would be 

2 W .dy + P .dz = 0 

is, £(2W + P) — P^-J r sin a = 0, since r sin a = a sin p. 

Hence either a (and so 0) must be 0, or 

2W -j- P _ dp _ r cos a 
P da a cos P' 

In the first case, both parts of the string are vertical. 

In the second case. 

4 W W + P /2 W + P N a . r a —a 2 
P P 

and therefore 


- (-V- > -1 - i 


cos' 


2W 


or 


p • a cos fi, 

= = /_w_ ^ ..A* 

\w + p ( ' a 


f H«re»goin the reactions at A, B, C contribute nothingto the equation 
of virtual work and so also the tension in the string. 

Example 3. Three, smooth circular cylinders , centres A,B,C, 

V! , en °J! °* , *** r - are P la <*d symmetrically in a hollow cylinder, 

centre 0 and radius It, such that the two smaller ones ( centres B,C) 

art in contact with the larger one and the axes of ah the cylinders 
are horizontal. J J 

, / 7 /V °f !o at ' f ° r e( l uilibr ™m to bz possible, It must not exceed 
r Ut v -o). 

<h^ et ii the ,U > ,h J ts of B (or C) and A above the lowest point of 
l»o lent cylinder be y and « respectively. Set equal to a 

vertical '* Then*”* 8 IK '* 1 AB and make with the downward 

y — K — (R — r) cos 0, 

~ = R (R — r) cos p -f- 2r cos a. 

Since the three cylinders are equal, the equation of V.W. is 

+ dz = 0. 


or 


or 


3(R - r) sin 0-2r sin a ~ = 0. 

2r Sm “( 3 ~ dp ) = °> since ( R - ') sin p = 2r sin a. 
• • either a (° r P) is 0, or da!dp = 3. 

\ye musThave* He ^ S ° lution since a cannot *>e less than 30°, 
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6 r cos a = 2r cos a-^r = (R — r) cos £ 

d P 

= V '~(R — r) 2 — 4 r- sin 2 a, 

whence R = r (1 + ^ sin*a) 

= or < r (1 2y/l). 

since the minimum value of a is 30°. 

Example 4- A frame formed of four light rods, each of length 
a, freely jointed at A, B,C,D, is suspended at A. A weightw ts 
suspended from B and D by two tnexlensible strings, each of 
length l (>a'\/2). The frame is kept in the form of a square by a 
string AC. Find T the tension in the siring AC. 

Let the two inextensible strings be OB, OD. Set Z.AC1) — 6 
and /.AOD = a. 

The string AC pulls at the joints A and C with a force T and 
so the frame would remain in equilibrium if the string AC \ y ere 
removed and forces T were substituted at A and 0. Lhen tli 

equation of V.W. would be 

T. d (AC) = w. d (AO) 

or T. d (2a cos 0) = w. d (a cos 0 + l cOS a ) 

whence (2T - w) a sin0.= wl siu a. da/(/0. 

But a sin^ = l si* 1 & 

ho that a cos Q = l cos a. dajdQ. 


(2T — w) tan 0 = w tail 'a 

2T — w = w a cos 0/V^" a ~ Ain ~0 » 

T = 1 w (1 + a/y/il 2 - a*). 


or 
or 

since initially Q = 45°. 

The reactions at A.B.C.L) and the force T at Aure ^la^o t hearing 
equation of V.W. for reasons given above. We nmy not 10 1 , 

AC by the forces T but mav consider .t to extend, and ... that case 

equation of V.W. will also bo as above. 

[Consider now the alternate solution which is us simp c, i • 

simpler. 

For let the rod push at A and D (or B) with a fore.,B . t ton 1 - 
«• cos 45° = RV/2. S.mdor.y if tho ..Hog °£-rot , ■ «* J 
und D, we obtuin w = 2P cos a, and I , (1 • tana) as 

perpendicular to DC. Thus T - P (*» « - co3 “» " (l 

before.] . 

Example 5- 4-#*" ■ ’T^nflZhl ‘andiTgif'^ 

and the feet form an equilateral tnanjl f . u l ngfh joining 

maintained by three tnexlensible string■ f I ground is 

the middle joints of the legs. Shew that . uhen j 
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smooth, the tension in the strings is 

2\V 4 - 3w a 


3 V 3 


v '3l 2 - a 2 ’ 

hut that if the ground is rough , 0*e tension may be reduced by 
2\i where p. is the coefficient of frictior. 

Let R be the reaction at each of the feet A,B,C ; and F the 
friction. Also let T be the tension in each string. Then 

W + 3 to — 3R and F = jxR. 

Let G be the centroid of the triangle ABC and O the vertex 
of the (ripod. Set /_BOC = 20 and /.OAG = a ; then 

21 sin 0=o = v '3. 4^ = V3 Z cos a 

x' 6 

or 2 sin 0 = \/3 cos a. 

The given forces together with the forces F reversed which 
act along AG, BG, CG form a system in equilibrium to which 
wo can apply the principle of virtual work. As in the previous 
example, the equation of V.W. is 

3T. d (/ sin 0) 4* W. d (l sin a) + 3 w. d (£ l sin a) 

-4- 3F. d (l cos a) = 0, 
3T cos 0 (l9 + \ [2W + 3to] cos a da 

— u [W -|- 3?o] sin a da = 0. 
2 cos 0 rf 0 =- n /3 sina da, 

a 


or 


But 


ami initially cos a so that cot a 

l x 3 


or 


or 


v'3 l 2 — « 2 ' 

— 3 f v'3 -f [2W 4 - 3to] cot a — 2 a [W + 3to] =0, 
T 4 _ o„ ?? + 3to 2W 4 - 3 to 

■ O ^ — - 3 ^/ 3 ”—cot a, 


T = - .y 


•V3 
W + 3 to 
3 v 3 


2W 4- 3 to 
3 v'3 


a 


V' 3/ 2 - a 2 


;'i4i"on!" OPOal ' V ° JOl ' ,tion of thi “ given here for 


Ur- (, "'O®f the tripod. The force, acting on the 

' ' T " rnr "" K npvnrd. and fSrco pR 

A £ r'is s t °„ to -■«? r igh v v v, ’ rticaii - v « 

__ r ° • Q, *d an unknown ma m n 


the leg OA of 

along AG; 

• • 

- -and a force 

unknown force at O. Taking moments 


about O, we get 

IK - i W) 1 cos a - T./3. A 1 6 in a - ,,ri B ; 

" h ° n0e « V •> - <-»' »-) -1 a - 2p ,W 4 L l 


sin a =0, 


T , . • before.] 

16 ^ tW ° H^^sbow that the ordinary principles of Static* 
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sometimes give solutions as. if not more, expeditiously, than the method 
of virtual work which should therefore be applied judiciously. 

Example 6 . *4 regular hexagon ABCDEF is composed of 

six heavy rods, each of weight W t freely jointed together and sus¬ 
pended from the joint A, two light stiff struts CE and BFbeing 
inserted to prevent change of shape. Find the forces xnCE and 
BF and verify that the thrust in BF is five times as great as the 

thrust in CE. 

Let T denote the tension in CD or DE ; and let each rod be 
replaced by forces i\V at each end. llien resolving \er ica \ 

for the end D, we obtain 

2T cos 00° =-- VV, 
or T = W- 

Again resolving horizontally for the joint C or E, x\e obtain 

P = T cos 30” = 'f VV = 0-800 W, 

giving the thrust P in CE. 

anW I'* M ^ 

of virtual work *s 

P.d (2a sin «) + Q .* (*• - 0) + *<£+ 0 “ S 6) =°' 

whence P + 0 = 3W tan 0 = ^ ' 

• Q = (3 — l) V :i 

5\/3 
•> 


W 


= 4 33 W. 

Example 7. The diagram shews a ' AC 

mechanism. The point A is free to J n uniform thin rods 

The crank BD and the connecting rod dUare j 

of weights 40 pounds and W0 pounds p fJ al C , a 

10 feet respectively. 1 he crank BD i w0 parts 

point in the. same vertical as A and dtvi g ^ ^ pounds 

in the ratio 1 : 3 and it carrte * a “ ^ , oot a f perpendicular 
concentrated at (he end D. Let L >- J 

from B on AC. . . * • 

Shew that the force, which if a PP^ ed Lilian xs given in 
necessary to hold the mechanism m anj j » shewing the 

pounds by F = 501(1 +AE/EC). and draw a 
variations of this force as the cranh makes a complete 

How much work is done by the force applied al A .» « 

complete half turn of BD ? 
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Set /_BAC = a and /BCA = 0. 

The equation of V. W. is 

40. d (cos 0) — 340. d (cos Q) — P. d {3 cos 0 -j- 10 cos a) 
+ 100.d (3 cos 0 + 5 cos a) = 0, 

whence P (3 sin 0 -f 10 sin a ^) 

. N dd / 

= 100(3 sin 0 + 5 sin a ^)- 300 sin 0 


Also 



whence 


3 sin 0 = BE = 10 sin 

3 cos 0=10 cos a ^3 

ad 
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Consequently, 

P ( tan 0 + tan a) = 100 (tan 0 + A tan a) ■ - 100 tan 0 

= 50 tan a, 



The following table gives the corresponding values of 0, EC, 
EA, AC and P. The graph is drawn with AC measured along 
x-axis and P along y-axis. One side of a small square re¬ 
presents ft. for AC and 1 lb. for P. 


1 

! 0 ° 

90 i 

I 

75 

60 45 30 15 0 

I-1 

1 EC 

0 

078 

1-5 2 10 2 6 29 3 

; EA 

1 

953 

953 

0 C5 9 75 9-86 9 9 10 

AC in ft. 

l _l 

| 9-53 

1031 

1_ 

11 15 11-86 12-46 12-8 13 

; P in lb. 

0 

_ 

3-67 

6‘72 9 0 104 11 ‘ TIT 11 ‘57 


I 



Counting the number of squares, we 
the graph = 231 squares. 

231 

Hence the work done = 2X j x jq 


see that the area under 


=462 ft. lb. 


The work done oan be obtained analytically us follows : 
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The work done in an infinitesimal displacement of the crank 

= P. d (AC) 

= — P. (3 sin 0+10 sin a ~ ) dB 

= — P. 3 cos 6 (tan B + tan a) dB 
= — 3 cos B X 50 tan a dB 

= _ 50 ^UJU^tdB 


= - 50 


•v/100-9 sin 2 B 
xdx 


, setting x'= 3 sin B. 


•v/100- z 2 
Hence the work done in a half turn of BD 

f° — 50 x dx / 77 tt\ 

= 2 J 3 Vsince 6 vanes from 2 to ) 

= 100 [^/IoO ~ ;< T J° = 10 O (10 -vo 1 ) 

= 4(5 foot pounds. 

EXERCISES VI 

1 . A dome-shaped roof consists of two complete quadrants 
a sphere ot radius 20 feet joined bv a cylindrical belt ABCD 


of 

of width 3 feet with axis 
horizontal [See diagram|. A 
shutter ABGH, weighing 10 
ewt. slides in smooth grooves 
AEG, BED, being raised by 
two cables running over small 
pulleys close t<> the grooves. 

The arc AG = BH = 10 feet, 
r kid the tensions in the 
cables when ti .-.butt* r sup¬ 
ported by the tables in ten- 
'i< ;« is in the position ABGH 
..:iw find the work done in raising it to the position where the 
ton edge coincides with EF. 

A p:ston is slowly pushed along a cylinder against 
watei under pressure. and, to prevent leak, the piston is fitted 
with a leather collar of breadth l which the water pushes 
against the walls of the cylinder. If ;i is the coefficient of 
friction net ween the leather and the cylinder and r is the radius 
of a section ot the cylinder, prove that the fraction of the 
work lone which is spent in overcoming friction 

-V 

r4-2u./ * 



is 
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3. A heavy beam AB of length l and weight w is freely 

hinged at A ; it is supported by resting on ‘‘'VoMpSe 
inclined rod of length c freely hinged at a point C in the sam 
vertical plane as the beain. C is on the same horizontal level 

as A and the distance CA =d. Also 1> d + c> £ 
of friction between the beam and the rod is j. Shew that there 
are two positions of equilibrium whc n> the/riction w l.mmng , 
and that the work done against friction m jppb'Dg -* 
to the rod and s'owly moving it from one of these positions to 

the other is 

2 (tcu> sin 2 
d cos <f> 

where a is the distance of the centre of ciavit^ of ^ ll ‘ 
from A. Assume that during the motion the incaon is hunt 

ing. 

4. Two uniform rods AB, BC, each of Ijngth *«. « 

smoothly jointed at B and rest m * ? il , 1 ^ j horizontal 
smooth pegs at a distance 2c apart am m 1 j- ( ! 

line. Prove, preferably by the prmc.p fc of; * 
they are in equilibrium if each rod makes *ith the vert 

angle 0 given by 

sin' 1 0 = c/u. 

5. Two rods AB, BC arc smoothly » ; theond 

A is fixed and AB can turn about it, and a pm a " 
move in a straight stot .he direction of which jam c* lire, h 

A. Prove that*, force F acting at 

Fd acting on the rod AB will Keep * . ndieidnr 

where d is the length of the line drawn from A pc. n 

to AC to meet BC diameter and 

6. A cylindrical glass vessel iscontact will, the rim 

a uniform r^d 7*5 inches long isi p *‘ inst l | K . opposite 

of the glass.at one sale and « ltl " " theSocus of the centre 

vortical face. Draw a diagram, an i vour C on- 

of gravity of the rod for virtual work, the 

struction find, by means of the 1 assumption that the 

position of equilibrium of the rod P o .tion, find by 

glass is perfectly smooth ; ^ J'VL P p„ in t of contao-t 

measurement the depth below th , t , ( , f the segment? 

of the lower end of the rod and the 1,1 - in \ 
into which it is divided where it rests on ' 

Also, use the equation cos 0 , ^ ^ lhe inclination of 

of the glass and 2 a the length £ and compare the resulting 
the rod in the position of equih previous result- 

depth of the lower end of the rod \ 
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7. By the principle of virtual work, 
or otherwise, shew that the force P 
under the piston F necessary to hold up 
the crank CB, the. connecting rod*AB, 
and the piston rod AF in the position 
indicated in the accompanying diagram 
is 

w, + K,, W 2 + [K,W„ + WJ . 

where W,, W,, W :l are the weights of the 
parts and act as shewn ; while 

»5_ k ce_ 

BA CB 

If the joints at A, B. C are not fric¬ 
tionless but resist motion with couples 
C„, C/,, Cc respectively, shew that the 
force required under the piston is dimini¬ 
shed by 

(C a +C{,) CN + (C 6 +Cc) AX 
AC. BN ' • 

«. Two smooth rods AB, AC are 
fixed in a vertical plane at right angles to 
one another, and a heavy uniform rod 
BC can slide with its ends B, C on the 
rods AB, AC respectively. Shew that the 
rod BC can rest in equilibrium at an in¬ 
clination to the vertical double that of 
either ot the fixed rods. 

9. AB and ( D are two levers freely 
hinged to the fixed points B and D. The 



upper end of CD and the point E on AB are 


hinged to the link 
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EF as shown in the given figure. A vertical force \\ applied at 
F is balanced by a horizontal force P applied at A. Prove that 

P _ EF BE 
W ' EC' BA 

10 . The given diagram shews a simple engine mechanism 
The point A is pushed down bv a constant vertical force W, 

and is free‘to move smoothly in the ver¬ 
tical line passing through O. The crank 
OB which rotates about 0 is prolonged 
to E and a weight w is attached at E. 
Neglecting the weights of the links AB, 
and KB, shew that tin- positions of equi¬ 
librium are given by 

o = o. e =77,0 = ± «• 0 = 77 ± a> 

I r- (aw-Wr)*' -\W 

where sin a = \ r i aw '(aw-W r)* 

Here AB= I, OB=r, OE=« S » 
the angle AOB. 

Show bow .hcrcsuU U 

.. 

. ..\ a 11 -- AC = 11 > 
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the principle of virtual work to prove that the horizontal com¬ 
ponent of the reactions at B and C is 

W g . 3in 6 —4 b sin 20 
2a cob 6 

f a }?'• • F ? U ff qUa ! rod8 ’ each of len 8 th « and weight W, are 
freely jointed together so as to forma rhombus. A string of 

length a-v/i connects two opposite corners, and the whole is 

® l ‘ S A P ®? ded - m one P ,ane b y °ne of these corners. Find the 
stretching force in the string. 

Q 0 !;?; F .°^ T equa ! rod *’ each of weight W, are jointed to form 
a square ABCD ; the side AB is fixed in a vertical position with 

A uppermost and the figure is kept in shape by a string joining 
Jhe “ring* P °‘ ° f ^ DC ' Fin<1 the 8t ^ing ‘2 

14. A rhombus ABCD formed by four uniform rods, each 
of weight is suspended from A, and is prevented from 
collapsing by a light horizontal strut BD. Find the thrust in 
BD, given that AB is inclined at an angle a to the horizontal. 

thrusVinAC eVented ^ co,,a P sin g b .v« strut AC, find the 

• l°r. AI \ C ' D . 18 a P ara helogram of freely jointed rods • a 
point P on AB is joined to a point Q on CD by a slrin" and B 
on AD toS on BO by another string If \ '• nn *»: , R 

strings he T and T'/she^at ^e'uilibrlum ,enS ‘° n8 *" ^ 

T AP— DQ_ T' BS-AR 

l ' Q ' ab ad“■ 

. A oor C „eri 8 V'cSst,!!" 1 ' iointed rods, and the 

(w mcl, intersect, in O), then 1 “ A ^ an( * 


T C\o+ uc)= t '( 


1 + J ) 

BO * UI) A 


. .ft, . m -^ 1 / 

l ton question can more eisilv ho a i ... 

methods given below • dmo by either of the 


H- slXl the ;? m e P t ^ * Q. 

" . ” AB.Q alone CB and ^aln^ 

1 perpendicular to BO, ootam, by 

rm _ 


being P 
re.H.lv iue 


T'. BC sin CBD = P.BC sin CBA 

»p/ 

BD* A BCD = ABC. 


whence 
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Similarly resloving at A, — A ADC ^ 
Hence 


ABD 


ADC.a ABC =g]jA BCD.A ABD 


whence the result follows at once. 

(ii) We may however proceed thus : Set P = p.AB, 
Q= q. BC etc. 

BO * r 

Then (/>-{-«) AO = T — (q-\-r) OC Ol) — j>~ 


and 


(p+q) BO = V = (*+r) 01) 


where r ( > 

AU 7 _ r 

0 (’ ~ H 


whence the result follows at once. 

The solution by the methods of virtual work is slightly 
complicated and eventually results in the same equation as in 

solution (t).] 

17. Two uniform rods AB, AC, each of length a and weight 
W, are freely jointed together at A and placed »n a vertical 
plane across a smooth horizontal cylinder of radius r. i he ends 
B and C are connected together by a taut strng ol length/, 
which is horizontal and not in contact with the cylinder. Mu w 
that the tension in the string is 

w r iar _ ' 1 

L p 2 y/4a*-l 2 1 

18. A tripod is formed of three uniform rods, eachi of U ug'-h 

2 a and 
stands 

collapsing by equal -. 0 . , .. 

Prove that, when a weight W i* * rom 1 


l weight to, freely jointed together al th<- v-vt-x. 
on a smooth horizontal plane, and 1S 1"• 1 • 1 ' , | 1 l .' 1 
line bv eciual strings of length uy 3 J ,mul - ' ' 


h 

\\ 


w 


tension in each string is .. 

° t) 


W 

1 ) 


11 > \ \ 


19. A tripod stand is formed of three bars ■•( n - ^ 

weight and of lengths a, a. h where ay/.i>'W~. •• 

connected by a universal joint at their eoinin »u J ?'! 1 * ! 

the lower ends rest on a smooth ground. A 1 . ^ 

from the joint, and the system is kept from coll q^u ‘^ 
strings, each of length a joining the lower 

the thrusts in the bars of lengths b and a aic 

W and y-i ,.,W- 
a\/ 9 a 2 - 3 b* V 9a- - •«* 

20. An endless string of length 2na + l (•' \vnml 

round three equal smooth cylinders, each ° a nd two of 

radius a, having their axes horizontal and l )ala * > 
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these rest on a horizontal plane, the third lying between them. 
Prove that the tension of the string is 

W _Z —4a 

2 y/l(8a—l) ' 

21. A regular pentagon ABCDE is formed of five uniform 
heavy rods of weight W freely jointed at their extremities. It 
is freely suspended from A, and is maintained in its pentagonal 
form by a light rod joining B and E. Determine the stress in 
the rod. 

22. ABCD is a rhombus formed by four light rods smoothly 
jointed at their ends and PQ is a light rod smoothly jointed 
at one end to a point P in BC and at the other end to a point 
Q in AD. Two forces, each equal to F, are applied at A and 
C in opposite directions along AC. Prove that the stress in 
PQ is 


F.AB. PQ/AC'(AQ~BP). 

23. A plane frame ABCD is formed of four equal light rods 
1 t f* ^ t h e corners. Opposite corners are connected 
by dissimilar extensible strings. Prove that, in a position of 

. • • • , _ are stretched, tensions in the 

strings are in the ratio of their stretched lengths. 

24. Three equal uniform rods are smoothly hinged together 
at P. and 0 and rest on a smooth horizontal table with the 

•V'," 1 11 smo ' ,,l,lv P'voted to the table, so that the angles 
.•.BC, B( 0 are each 120". The middle points of the rods AB 
BCare joined by a string which is kept taut by a couple G 

appl.ed to the rod CD. Prove that the tension 'in the string 
is 2 (w A15. 

25 A framework consists of twelve equal rods, six forming 
he sides of a regu ar hexagon ABCDEF, and the rest joining 

the corners of the hexagon to its centre 0. All the rods are 
weightless, ^extensible and freely jointed at their ends. The 
framework is suspended at (, with A vertically above O, and 
a \\ (lght W hangs from each eorner of the hexagon in the 

manner of the Great Wheel of Earl s Court if tuS \ ™ . 

OA is T, prove that the tension in OD is T-f4W. * ension ,n 

26 A gate consists of four hcaw bars form in- the sides 

of a rectangle made rigid by a diagonal wire passing f om the 

upper hinge the opposite eorner Shew that l! “ • 

the wire i \ U! 2h. where ,/. /, are U ie lcnetl of be T ” "} 
and hdght of the gate respectively, and W is the - weight’ofThe 

" m0reaSed ^ Pkcin? a 
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27. A pentagon is formed of five uniform rods smoothly 
jointed at their extremities. It hangs with the two upper rods in 
contact with smooth pegs in the same horizontal line and 
the lowest rod horizontal. Shew that, it in equilibrium the 
pentagon is regular, the pegs must divide the rods in the ratio 

2+y/5 : 3. 

28. Two uniform rods OA and OB, each of length 21 and 
weight w, are freelv hinged together at O. 1 heir ends . am 
B are free to move' without friction along a horizontal groove. 
A third rod CO of length V and weight w lies m a vertica plane 
perpendicular to the groove and has its end C freely lunged 
to a point in the vertical plane containing the groove and at a 
distance d from it. A weight t<’ is suspended from 0. The 
middle points of the rods AO and OB are connected by a in¬ 
elastic string of length .r. Shew that the tension in the striiv 

is equal to 5 x10/2(1. 

29. A symmetrical arch rib is hinged at its centre C and is 
also hinged to rigid abutments A, and A., which arc at hc s. 
level. P, is a point on the portion A,C at a height h, above 

AjA 2 and at a horizontal distance a, trom A,. j ls • 1 , 

the portion A 2 C at a height fu_ above A,A, and at a horizontal 

distance from A 2 . The height of C above A B is /«. 

At P. act fo.ces W, vertically downwards and I;, 
and in the sense AjA 2 ; and at 1’., act forces W., ver ua . « 
wards and F 2 horizontal and in tlie sense A.»* p 

If H, and H., denote the horizontal components of t ie a■ »«■ j 
ment thrusts at"A, and A 2 , prove by the Principle of M.tual 

Work or otherwise that 

.. , F W 1 a 1 4-W,.a, + l-V'i + I V ' 2 =11 ., + F 2 

**i + J i — 2 h 

30. Three rods freely jointed together form an 3 "^“' 
triangle ABC of aide Its vertices are connected t^P^tncJj 
by three links AP, BQ. OR, each of length I, to thru. . 
points P, Q, R, which are situated at the ™rn<TS of an ec,m 
lateral triangle of side r. The whole h\sUin is 

the frame ABC King within the triangle 1 QR so that tin 
angles APQ, BQR and CRP are each equal to U. 

Shew that the system is just stifT.* 

Prove that 

a 2 _ c 2 -J -3 J2 _2 cl [cos 0-\- cos (\v — 0) ]. 

Equal couples, eaci, of moment M, a re applied to the three 

one ££*£ 12 ?" 

hinged. 
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links round P, Q, R. Prove that the tension T in the rods AB. 
BC, CA, is given by 

T= c ^ cosec ( 9 “(T)- 

Discuss the symmetrical case 9= 77 / 6 . 

§ 3. STABILITY 


36. If a rigid body be in equilibrium, being suspended 
from a point 0 in it, then the centre of gravity of the body 
must Me in the vertical through O. 

Suppose that the body is slightly displaced from its position 




of equilibrium. If the point of suspension is above the centre 
of gravity, the couple set up tends to restore the body to its 
former position. If the point be below, the couple tends to 
make it recede further from the position (see figures a and b). 

In the former case, equilibrium is said to be stable and. in 
the latter, unstable. 


In the case of a homogeneous sphere lying on a horizontal 
plane, a displacement does not affect the equilibrium. In such 
a case, the body is said to be in neutral equilibrium. 

It is clear that the stability in any configuration of a body 
depends upon the position of its centre of uravitv. 

We have the following definitions : 

EOU t n b l I r»lfi q r\i ibr » Um ( - A b °, llv is said to be in STABLE 

nos,tion ll, f LM |.» Vh ° n ’ ,f 1 ,t be sl 'S ht, y displaced from the 
position of equilibrium, the forces called into play tend to 

1 estore it to its position ol equilibrium. 
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Unstable equilibrium. If, however, the forces tend to move 
it further away from its equilibrium position, it is said to be in 

UNSTABLE EQUILIBRIUM. 

Neutral equilibrium. If the forces acting on it in the dis- 
placed position are in equilibrium, it is said to be m i h 
EQUILIBRIUM. 

37. ToppBng of bodies.— At each point of a body held ■ ™ 
contact with a plane surface,there is a reaction "1"° 1 s ' 
to the plane. All these forces combine into a residtant K acting 
through some point in the plane of contact. J Ins poin is 

the centre of pressure. 


If left to itself, the body may rest in equilibrium or may 
topple over. . If it were to topple over, it wo\\U c o < 
some point or line in the plane. The moment of e 1 ■ 1 
forces (that is to say, the weight of the body in t ic c.im 

consideration) about the point or a point on t ic mi, : . 

moment that tends to Overturn the body ; it * “ 

overturning moment. The moment of ^ 
the Sfime point is the moment w huh resi» a. 

to overturn : it is called the restoring couple. 1 ' 

greater than or equal to the former, the body will 

equilibrium : otherwise it will overturn 

If the vertical through the centre ot |?ra\ it\ of tin h > 1\ ^ ^ 

to fall within the base (as defined below) ot the f ° 
former condition always obtains. It it " l ’ M * ‘ ,r 

a couple is called into play which always caiix s 1 
of the body. 

The base of the bodv is the area which is enclose) 



;htly drawn string enclosing *£££*& 

a-ornpanying figure the 
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points P lie within the base which includes the areas enclosed 
by the broken lines as well. 

The base of a body, therefore, does not necessarily mean the 
area of contact. 

Example 1 . A solid hemisphere is joined to a cylinder on the 
same base and of the same material. Prove that the equilibrium 
would be stable when the hemisphere is resting on a horizontal plane 
if the radius of ‘he base is greater than 2 times the height of the 
cylinder. 

Let h be the height of the cylinder and a its radius. 

Let O be the centre of the base and A the point of contact 
in the position of equilibrium. 

Let G be the centre of gravity of the solid. 

AG.(narh + *=*) 


Then 


O 277*3 / h \ 

= 8 3 + ” a l ‘\ " + T/' 

whence AG = -5*± V2ha +- 6,l l 

4 (3 h + 2a) 

Now suppose the cylinder is slightly displaced ; then the 
couple set up would restore the body to its original position if 
G lies on OA so that the equilibrium would be stable if 
AG < a. that is to sav, if 


that is, if 


~m~ -f 12 ha -|- (i h n - <12 ha -{- 8* 2 
a > h y/2. 


Example 2 .1 heavy circular cylinder of height h rests on 

' t ' f cltni 'l plant. If a be. the radius of the base, find the grea- 
tc.s, inclination on which the cylinder can rest. 

L t a be t!)«• inclination of the plane. 

The c\ Under will 
be in p'ilihrium so 
h'OL' as ihe vertical 
through its centre of 
gravity (; does not 
outside AB. In 
the limiting case, there¬ 
fore, GA is vertical 
(see figure). Hence 
the greatest inclination 
required is given b\- 



tan a = 2a h. 
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Example 3. A solid hemisphere rests in equilibrium on a 
rough inclined plane. Its spherical surface is in contact with the 
plane and its plane surface is vertical. If slipping is about to 

occur, shew that the coefficient of friction must be 3f\/o5. 

Let O be the centre, G the centre of gravity of the hemi¬ 
sphere, and A the point of contact. 

In limiting equilibrium, GA makes an angle A (where tan A 
= (x) vith the normal OA. But then GA must be vertical so 
that sin A = 3/8 whence p. = 3 ly/M> (as OG = 3/8 of the 
radius). 

Example 4 A thin cylindrical box of circular section is of 
height h and radius a, and its weight may be taken to be w per 
unit area. It lies with its base on a horizontal plane. .4 rod 
AB of weight IV rests partly inside and partly outside the box. 
Taking the inside surface to be smooth. find the minimum length 
of the rod so that the cylinder will not topple over. 

Let the plane through the rod cut the base in the line AA , 
and let the rod make angle a with the horizontal so that 

tan a = ^/2a. 

Let 21 be the length of the rod : then the cylinder will not 
topple over if the vertical through the centre of gravity ot the 
system lies within AA', that is, if x < or —■ 2a, x being t e* 
horizontal distance of centre of gravity from A. 

To find x, take moments about A ; then 

[W -f- w {na z + Ttah )]. x 

— W. I cos a w ( iru~ -f- ~nah). a. 


or 

or 


The condition x < or = 2a requires that 

W l cos a + w (77a 2 -f- 2 nah) a 

< or = 2Wa + 2w{na* + -* ah ) °> 

— cos a < or = 2 + .*f r (na- + a ^ )> 

d >> 

-VV + 2ffa/,, J 


2 1 < or = ^4a 2 + h- £ - - 


since tan a = h/2a. 

Example 5. A cubical block of wood is placed on a rough 
horizontal plane and a horizontal force is applied at the nut ( • 
point of one of the sides of the square lop at right angles to in 
side. Prove that, as the force is increased, if the coefficient oj 
friction is less than k, the block will begin to slide ; other u rs>. 1 
will turn over. 

Let W be the weight of the block and a its side, 1 >h' 
horizontal force and |x the coefficient ot friction. 1 ,cn 1C 
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frictional resistance F < or = |xW. 

If the body were to over-turn, it will do so about the edge 
parallel to side at which the force F is applied. Taking 
moments about this edge, we must have 

P. a = moment of overturning 
> or = W. - 5 -. 

that is, P > or =• I W. 

But before overturning takes place, the block will begin to 
slide if P > or = p\V, but less than 1 W ; that is to say, the 
block will slide if 

|ilV<| W 

that is, if p. < £ ; 

otherwise it will overturn. 

Example 6 . Two sjiheres, whose radii are a and a', rest 
inside a smooth hollow vertical cylinder of which the external 
radius is c and the internal radius b (<a -f a'). Prove that, 
if the. sphere of radius a' is the lower, the cylinder will not 
overturn if its weight exceeds 

— {2b-a-a'), 
c 


irIn re w is the w< ight of the upper sphere. 

Li t \\ be; the weight of the cylinder and w' that of the 

lower sphere. 



• B {a 4 - a') 00s = w (a -f a') sin 6 

= w (2 b — a — a'). 
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1 A uniform bar, one inch square in section, wejghmg 
00 pounds and 10 feet in lengU,^ rests on and 
over the upper end of a plane incline • • • 1 over- 

r r A1J? i^over tbe top of 

the plane. ^ ^ 

hangs over a light circular pu c> is moun ted on a 

the chain being of equal length. The pudey ^ of 

frictionless horizontal spind e . become stable for small 
equilibrium is unstable, but that ■ ", ^““ e loivcst point of 

displacements if a weight \\ is attacnui 

the pulley, provided that 

W > 2ua. . 

, r -i,c •>,» ‘>b °c r«sts on a rougn 

3. A parallelopiped U applied at the middle 

horizontal plane and a hori/.o < .>/, prove that, as the 

point of the side 2 c parallel to 1 '.jh glide or turn over 

force is increased, the para e jg , cSS or greater than 

' according as the coefficient 

6/2a - f , ■ , . inches on each side, weighs 10 

4. A cube of materia , ! 1 9 inches long starts fi 


juat beontnfr-'- , . 

5. A stairway is made of each projecting 

angular blocks placed on top bcvonJ the one below. ihc 
the same distance at-the • " • - t outermost point. lt 

top block is supported from below at U jf all< only if 

that the stairway can stand 1 f cach block and « »s th 
21>(n-l)a where 21 is the "idtn 

width of the tread. ivitv of the sector 

6. Find the position of th ® J en “ f J c i 0 , of a circle about 
of a sphere formed by the.revolution , 

one of Us bounding radii, bint n >i p , c ^ ) ^ (li< . f „ rm „f a stab 

easily be obtained from h I | ettcre d diagram. 

ment in words accompanied by a ct . 


a, the semi-vertical angle ui — sector) with fl, the . - 
whole angle of the generatin c ci. h the sector does n 

mum inclination of the plane lor 

overturn. . . n f friction for which the 

What is the minimum coefficient of 
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position is possible ? 

7. A solid cone of uniform density has a circular base of 
radius a and its vertex is at a perpendicular distance h above 
the base. The straight line joining the centre of the base to 
the vertex makes an angle Q with the normal to the base. Prove 
that, if the cone is placed with it s base resting on a horizontal 
table, it will remain at rest provided that 

a>\h tan Q. 

Shew also that, if it is placed with its curved surface in 
contact with the table, it will not tilt over on to its base if 

h- -f- 4a z cos 2 0 — ijaJi sin Q cos d > 0. 

8 . ABC!) and EFGH are two opposite vertical faces of a 
cubical block of stone which is of side 1 feet and of uniform den¬ 
sity and which rests with its face GHCD in contact with a rough 
horizontal plane. P is the point on the face ABCD which is 
5 feet above CD and 2 feet from either of the sides BC and AD. 
It is found that when a horizontal push F is applied at the 
point P. perpendicular to the face ABCD, the block slides 
when the force F exceeds a certain value ; but that when the 
force is applied above 1’. the block starts to turn over about 
the edge GH before it slides. Find the coefficient of fric ion 
between the block and the plane. 

9. A solid circular cylinder of height h and diameter d is 
attached to a solid hemisphere of diameter 'Id so that the centres 
of t he two plane faces coincide. The curved surface of the 
hemisphere rests on a rough table. The density of the hemi¬ 
sphere is />/, while that of the cylinder varies uniformly with 
the height from the value m at the end attached to the hemi¬ 
sphere to 2m at the other end. 

Discuss the stability of the position of equilibrium. 

10. A cubical block placed on a rough inclined plane with 

two faces vertical is pulled up the plane bv a force applied at 

the middle point of the highest edge of the block, perpendicular 

to it and parallel to the plane. Prove that the block will begin 

° s ,. or to tu,n *‘l><»ut an edge in contact with the plane 
according as 1 

-P -b tan a < or > 1, 


where 

and 

block. 


a — inclination of the plane to the horizontal, 

9 coefficient of friction between the plane and the 

„ V* , Aum,or 1 m c ‘ ube ’ ' vl,osc etl o es are each 4a, stands on a 

force i h ° nZ T ,; i |,lam \.. A gradually increasing horizontal 
tee is applied to one of its vertical faces at a height a verti¬ 
cally above the ventre of that face. Determine how 
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equilibrium will be broken 

(t) when the coefficient of friction between the plane and 
the cube is 05 ; 

(ii) when this coefficient is 0’7. 

12. A rectangular block of weight W lb. whose edges are 
of lengths a, b, c feet (« < b < c ) rests on a rough inelastic 
horizontal plane with a face of area be uppermost. Find the 
least amount of work that will have to be done in the course 
of turning the block upside down. 

13. A uniform block of height It whose base is a square 
of side a rests on a rough horizontal plane. The plane is 
gradually tilted about a line parallel to two edges of the base. 
Show that the block will slide or topple according as « It is 
greater or less than the coefficient of friction. 

14. A thin uniform straight rod PQ of weight \V rests 
partly within and partly without a uniform cylindrical jar. ot 
weight 4W, which stands'on a horizontal table. The rod rests 
in contact with the smooth rim of the jar with its end P press- 
ing against the rough curved surface ol the jar. It the rod is 
about to slip and the jar is about to upset simultaneously, prove 
that the rod makes with the vertical an angle 

JA + A cos" 1 (J cos 7\), 


where A is the angle of friction. 

15. Three exactly similar books of length l and qf uniform 
density along their lengths lie in a heap upon a table with then 
backs in a vertical plane. Each book extends beyond the 
book below it by a length a. find the greatest value of« 
consistent with equilibrium (.) when the end of the top book 
just rests on a smooth horizontal ledge (the book remaining 
horizontal) ; and (««) when the top book has no support other 


than the book bplow it. 

16. Similar rectangular slabs, I, in number, are placed in a 

pile so that at one end each projects beyond the one below t 
The rth slab from the bottom overhangs by an amount d,. 1. he 

length of each slab is 21 and its weight is w A load \\ is placed 
on the projecting end of the uppermost slab. 1 lie distances J r 
are adjusted so that the pile is on the verge of overturning at 
every interface. Shew that the distances d r increase with r and 

are in harmonic progression. 

17. A uniform hollow right circular cylinder stands upright 
on a table, and three 'smooth spheres each of weight w are 
placed inside it. The ratio of the radius of a sphere to that o 
the cylinder is a. Prove that if I > a > 2 yd 3 s° that 
two of the spheres rest upon the ground, the cylinder will not 
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overturn if its weight exceed A (1 y/\ — a ) 2 w. Each 

sphere is to be taken in contact with the cylinder and with the 
other two spheres. 

38- Stability of a Mechanical System under the Action of 
Gravity Forces only- —Suppose a mechanical system is under 
the action of no forces other than the weights of the bodies 
of the system and the mutual reactions between them. Let 
the system be divided into an infinite number of particles of 

weights w v Wo, ., so that w l w 2 + .=W, the 

total weight of the system. Also let h lt 7».. be the^ heights 

of these particles above a given horizontal plane. Then y , 
the height of the centre of gravity of the system, is given by 

W y = 2 M). 

Xow the virtual work done in any displacement consistent 
with the geometrical constraints of the system 

= — u\dh l — u\,dho . 

= — d (u\h x + icJi 2 + .) 

= - d (W y) 

= - W dy. 

In an equilibrium position, the virtual work vanishes so that 

dy= 0. 

Thus the positions of > quilibrium correspond to positions in 
which if lias stationary values, that is to say , to the maxima and 
minima values of the height of the centre of gravity above a given 
horizontal plane. 

From article 30*, it follows that the minima and maxima 
positions correspond respectively to stable and unstable 
equilibrium. 

Example 1. To find whether the equilibrium in Example 1 
(art. 11) is stable or unstable. 

Let ;/ be the height of the centre of gravity G above the 
horizontal through C. Then 

y = BC cos 0 = (a — h cosec 0) cos 6 
= a cos 0 — h cot 0, 


whence 


dy 

dP 


= — a sin 9 


h cosec z 9. 


and 


ft* n 

. ' = — a cos 0 — 2A cosec 2 0 cot 0. 
IQ- 


*Fur let y !>«• a inininuim. If the system bo slightly displaced, its 
centre of gravity i i>cs ho that the couple set up tends to bring the system 
buck to its former position. Thus the equilibrium is stable. Similarly, if 
1 / is a maximum, tlu* equilibrium is unstable. 
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In the position of equilibrium, dyldQ = 0, that is 

sin 3 0 = bja. 

Also, since dhjjdO 2 is negative, h is maximum and sd the 
equilibrium is unstable. 

Examole 2. A square lamina of side 2a rests in a vertical 
plane on two smooth pegs in a horizontal line. Shtu \[ h “['{! he o 

sum of Ike distances of the pegs from the lowest cornei is q 

a, there is equilibrium. 

Let OACB be the square and P,Q the pegs [OA being m 

contact with Pj. Let G be the centre and ^ ^ 

angle Q with the vertical. Let GL be the perpendicular on the 

horizontal through 0 and ON on PQ. then 

PQ _ pj$ JJQ = ON [tail (]rr — 0) + tail (]t T + e)J 

= 2. ON sec 20. 

If y denote the height of G above PQ, 

y = GL — ON 

= y/2 a cos 0 — I PQ eos 20 

= b cos 0 — r cos 20, setting a y 2 = b and PQ = 2r. 
Differentiating this, we obtain 

d J- = _ b sin 0 + 2r sin 20 « sin 0 (-6 + * r cos *>• 

dO 


and 


?? = — 0 cos 0 + 4r cos 20. 
dO 2 

There ate three cases according as b> , =, OI ' 4; - 


In this case, the only :BohiOoni n h UI J| the 

Since this value makes d i y, do ntgati ,j 
equilibrium is unstable. 

(2) Let b = 4r. r 5 i ; 

In this case, 0 - 0 again gives th< r only 
brium. Now for this value of 0, d-y 0 - 0. ) is 

maximum, Swn^eS^tho equilibrium is unstable. 

The values , - ± a 

^position of equmhriun, 

is stable. 
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In the given case, 

OP 4 - OQ = ON [sec (\tt - 9) + sec (Jtt + 6 )] 
= 2\/2 ON cos 0/cos 20 
= 2\/2 r cos Q ; 

and OP + OQ = a, ' 

Hence a < or = 2y 2 r, that is, b < or = 4 r. 

This corresponds to cases 2 and 3 above. 

Example 3. A circular cylinder of radius r js fixed with its 
axis horizontal. and a body, whose centre of gravity isG and whose 
weight is IK, having a plane base PR. is supported with the base 



U 


horizontal resting upon the cylinder at .4 and upon a prop at P. 
The prop is now lowered until the base of the body i3 inclined to 
the horizontal at angle 0■ the cylinder and the body being so rough 
that no slipping takes place between them. Prove that the amount 
of work done is 

ir {(>■ 

whi re h and k denote the lengths AS and SO respectively in the 
given figure. 

Deduce or otherwise prove that the body will be in equilibrium 
in this new position without support from the prop if 

i'0 = h -p k tan 0 , 

and that the equilibrium will be stable if 

k<ir cos 2 0. 

In the displaced position, let y be the height of G above the 
centre of the cylinder. Let B be the new point of contact and 
h-t GL, BM, NQ be t he perpendiculars from G, B, N on the 
vertical through the centre of the cylinder ; then 

- OM - OL 4- MQ 


k) (l —cos 9) + (h — rO) sinQ 


U 
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= (r + k) cos 0 + {r6 — /') sin 9, (since AB = r9) 
the work done 

= W (distance moved by the centre of gravity] 

= W [r + k — y] 

= W [(r + k) (1 - cos 6) + (h - rO ) sin 0). 

When the prop is removed, the positions corresponding to 
extrema values of y determine the positions of equilibrium. At 

a i extremum, j ~ = 0 and 

dO 

dy 


dO 


— sin 0 — h cos 0 + r (sin 0 + 0 cos 0) 


= r 0 cos 0 — h cos $ — k sin 0. 

Hence rO = h + k tan 0- 

If the value of 0 given by this equation makes y a minimum, 
this value of 0 would correspond to a stable equilibrium position. 

Now y is minimum when d'-ryUd* is positive. But 


d JH = (,- 

do 2 K 


k) cos o + h Sin 0 - rO sin 0 


or 


= ( r _ k) cos e + /< sin 0 - 1 1 Sin 9 - A' si" 2 O' 008 « 
= r cos 0 — k sec 0 
Hence, for stable equilibrium, 

r cos 0 — k scc 0 > °* 

/.• <r cos"0. 

Example 4 *1 uniform rod AB of weight W and length l is 

free to turn about the end A. A string winch has one **d f™ u *' d 
to the end B of the rod and carries a weight w at its oth r . , 

passes over a smooth pulley fixed at heigh ' " vertical 

than 1) vertically above A . Shew that one or ather e, w vc cal 

positions of the rod is stable. Shew also that jo i nr i / 

are stable if 2wh lies between (h — l) W and i-- ) 

Let O be the pulley and C the other end of the> stringy also 

in a displaced position, suppose the rod ma t< ■ 3 , , f 

downward vertical. Then the height above A of the centre ot 

gravity of the system 

= (w. AC - h W l cos 0) ( w + w > 

= constant + (2w OB - W7 cos 0)12,w + ), 

since AC — OB is constant. 

Hence, the positions of stable equilibrium ^ 0 . rre ^^ n i 
minima values 1 of 2w OB — WZ cos 0- Setting this equal to 

P, wo have 
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dP'dQ = W l sin 0 — 2 wlh sin 0 /OB, 

[since OB 2 = h* + l°- + 2 hi cos 0.] 
and rf 2 P/<Z 0 2 =Wi cos 0 — 2 iclh cos 6 'OB — 2 wl-h 2 sin 2 0 /OB 3 . 

the positions given by sin $ = 0 , or 0 = 0 and tt, that is, 
the two vertical positions, are positions of equilibrium. Both 
of these will be stable if both 

W7 - 2 ivlhl(h 4- /) and - W l 4- 2 wlhUfi - l) 
are positive : that is, if 

(/, + i) w > 2wh > (h - l) W. 

Otherwise, only one of these vertical positions is stable. 


Example 5- Two weights m, m' are connected by a weightless 
rod AH, the ends of which move on a vertical circle of radius a. 
The rod subtends angle 2a at the centre O. To find the 'positions 
of equilibrium. 

Let OA make angle 0 with the horizontal: then y, the depth 
below () of the centre of gravity of the weights is given by 

y = |ma sin 6 + m'a sin (0 -f 2 a)] (m + in'). 


m m' 
a 



m cos 0 -f- m' cos (0 4 ~ 2 a) 


—- (»» 4 - ni' cos 2 a) cos 0 — m' sin 2 a sin 0 
= 0 in the positions of equilibrium ; 
thus tan 0 = (m 4 - m' cos 2 a) m' sin 2 a = tan 0 O (say) 
whence 6 = 0 „ or tt 4 - 0 O . 


Now 


in 4* m' d 2 y 

a 50 * 


— (in + in' cos 2 a) sin 0 

— m' sin 2 a cos 0 . 


Hence 0 = 0 U corresponds to stable and 0 = 0„ 4- w to 
unstable equilibrium. 

Note that in this ease the maximum value of y corresponds to 
stable equilibrium since y denotes the depth below u tixed horizontal 
datum level. 


38a. Proposition.—4 perfectly rough heavy body rests under 
gravity in contact with a fixed surface so that any displacement of 
the body tales place in a vertical plane of symmetry. To discuss 
the nature cf equilibrium. 

Let (i ix- the centre of gravity of the supported body and 
1 the point of contact of the two surfaces. As there is no possi¬ 
bility of slipping between the two surfaces, the supported 
s.. face, in any displacement, rolls over the fixed one round I as 
the instantaneous centre of rotation. Taking any horizontal 
< i vertical dues as axes of a* and y, the relationship between 
the coordinates (r ,y) of G may be expressed as y — f (x). 
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In the position of equilibrium, y is on extremum so that 
dyldx vanishes. Thus the tangent to the path of G is horizontal 
Hence IG is vertical. 

Again the equilibrium is stable or unstable according as y is 
a minimum or a maximum, that is to say, according as d-y dx 
is positive or negative, that is to say, according as the path of 
G is concave or convex upwards. 

Let C C' be the centres of curvature of the supported and 
the fixed surfaces respectively so that CIC' is their common 
normal. Let O be the centre of curvature of the path ot 

Set Cl = r, C'l = r’. 



Let the supported surface be slightly displaced and let the 
angle throughwhich it turns be denoted by d9. If the new i 
of contact be J or J,' we have 

dO = L lCJ + ^ IC ,r 
= d$ - f d (say) 

Set IJ = IJ' = ds ; then 


d$ __ di> d<P' _ 

ds ds ds 


1 

r 


1 

+ r # • 
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Let G' be the new position of G. 

Draw JQ parallel to IG [i.e, the vertical) to meet IG' in Q ; 
also draw an arc through Q parallel to G'G to meet IG in P. 

Let the circle through I, J, Q meet IG in R. The limiting 
position of this circle, when G' tends into coincidence with G, 
is called the Circle of Stability. Denoting its diameter by D, 


we have 

(Is = 

D. 

(id, 


1 

1 

1 

and so 

D = 

r 

+ T' 


VT GP G'Q G'J' .. . GI.GM' 

Xow GL " G'J " G'O 30 that G 0 = GP • 

in the limit, when G and G' coincide, both P and Q move 
into coincidence with It and consequently 

GI 2 


OG = 


GR 


Set GI = ft, RI — h and OG = p ; then 

h- 


P = 


h - k' 


9 


(1) Let G lie outside the circle of stability. 

Then G is above It. that is, It >k and p is positive so that 
the path of G is convex upwards. In this case therefore the 
equilibrium is unstnbb. 

(it) Let G lie inside the circle of stability. 

Then G is below R. that is, h<k and p is negative so that 
the path of G is concave upwards. In this case therefore the 
equilibrium is stable. 

(tl) Let G lie on the circle of stability. 

Then tl coincides with R, that is. h — k and p is infinite. 
Therefore, the equilibrium app ars (to a first approximation) 
to be neutral. This case must however be further studied to 
decide the nature of equilibrium. 

In this case G is a point of inflexion on the path of the 
centre of gravity ; and the circle of stability is known as the 
Circle of Inflexion. 

Setting /_ RIX = a, the above condition may be stated as 

follows : 

T. v equilibrium is stable or unstable according as 

h < or > k. 

cos a COS a 

i. c. according as ——> or <- 

h k ’ 
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♦. e. acoording as 


cos a 1.1 

— r — > or <-1- —. 

h r r 


Example. Consider Example 3 of Article 38. 

In the position of equilibrium, BG is vertical and so /.NGB 
= 0 . Hence 

re = AB = AN + NB = h + k cos 0. 

The equilibrium would be stable if 

cos 0 1 , 1 

BG" > r T 'oo 


i e> jf k > r cos 2 0 [since BG oos 6 = k]. 

EXERCISES VIII. 

1. A uniform lamina in the form of a parallelogram rests 
with the adjacent sides on two smooth pegs in the same 
zontal line at a distance c apart. 2 h is the length of t ie <■ ia fe 
through the intersection of the two sides ; a, JJ and V au 
angles which this diagonal makes with the sides and \w 1 

vertical (a > /3). 

Prove that h sin 0 sin (a + P) = c s ' n (-0 — a + ^ 

2. A solid uniform hemisphere rests with its curved [surface 
in contact with a rough plane inclined at the angle a w i ‘ 
horizontal. Find the greatest admissible value ol the >ncnna- 
tion a. If a is less than this value, determine the number 
configurations of equilibrium and ascertain their si * 1 }• 

3. AB is the horizontal diameter of a circular " ho “ 

plane is vertical. A bead of weight W at th* lowest £ 

can slide on the wire and is attached to two stunts " 

through small fixed rings A and B. ° ier , which 

string are attached equal particles of weigh w e«u * 
hang freely. Find the potential energy of the system when it 

is displaced so that the radius to the bead W ma * f q 

with the vertical. Deduce that the equilibrium "• 1 

is stable if w < W\/2. 

Find also what happens when w = or > V y/ 2. 

[Consider tlio more gonorul cnso in which tlio rings A an I B h . 

*arae horizontal and AB subtends an anglo 2a nt tho ce,,tl J\° , ” ‘ the 

wire (radius r). Taking the horizontal through C as the datum. 

potential energy P of the system in 

P = constant - W r cos Q + 4 «*r sin ®_cos^ . 


Wo have the following three cases : 
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Case l. Whoa W<«? sin \ a . thero is only one position of equilibrium 
(for which 0 = 0 ) which is unstable. 

Case If. When W = w sin l a . there is again only ono position of 

equilibrium ( 0 — 0 ) which is unstable. 

Case TIL When W > w sin J a . there are threo positions of equili¬ 
brium, namely those for which 0—0 and 0 — ± 2 * where cos t 


w . a 
~ W sm 2 ’ 

0 =0 corresponds to a position of stable and 9 = ± < to positions of 
unstable equilibrium.) 

•1. A uniform rod A B of length l is constrained without 
friction so that A moves on the circumference and B on the 
vertical diameter (not produced) of n circle in a vertical plane. 
The ratlins of the circle is a. Find the positions of equilibrium, 
given that / is between .\a and a and discuss separately the 
stability of upper and lower positions. 

What happens when / is less than ha ? 

а. One end A of a uniform rod AB cf weight xv and length 
l is smoothly hinged at a fixed point, while B is tied to a light 
string whicii passes over a small smooth pulley at distanced 
vertically above A and carries a weight W/4. If l <d<2l t 
show that the system is in stable equilibrium when AB is 
vertically uj wards, and that there is also a configuration of 
equilibrium in which the rod is inclined at a certain angle to 
the vertical. 

б. The ends of a uniform rod of length 2b are constrain¬ 
ed to move on a smooth tv ire in the form of a parabola whose 
axis is vertical and whose latus rectum is of length 4ti. Find 
the potential energy of the rod when it is inclined at angle 6 to 
the horizontal. 

* 

Shew that, if l/>2a, an oblique position of equilibrium is 
possible and investigate the stability of the positions of equili¬ 
brium. 

7. A uniform rod ABC is bent,at its mid-point B at right 
angles, each arm being 4 feet long. It is then hung over a 
smooth peg 1 foot away from a smooth vertical wall, so that 
the lower end A of AB rests against the wall, and AB leans 
against the peg. Shew that, if AB makes an angle 0 with the 
horizontal in the position of equilibrium, 


sec 2 0 = sin 9 -J- 3 cos 0. 

it L’a be the angle of ABC, find the equation giving 0. 

A chain is formed of five equal links, each of them a 
uniform thin bar, and the links are freely jointed together, 
the ends ot the chain are fixed at two points at the same level 
at a distance apart equal to three tunes the length of a liuk, and 
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the terminal links are free to turn about these points. Prove 
that, when the chain is in equilibrium, the angle 0, which either 
of the terminal links makes with the horizontal, is to be found 
by making the function 

2 sin 0 4- \/2 cos 0 — cos a 0 

a minimum. 


Prove further that, if the required value of cos 0 = 1/(1 +x), 

x 3 = 4 ( 1 4- 2x)/(2 + x). 

9. A rectangular gate, whose horizontal width is 3 feet 
and whose weight is 3 cwt., is supported by means of a weight 
of 2*5 cwt., tied to the middle of a light rope 12 feet long, 
whose ends are attached to the ends of the top of the gate and 
which passes over two smooth pulleys above the gate 3 feet 
apart and on the same horizontal level. Find the equilibrium 
position for vertical displacements of the gate and prove that 
it is stable. 


10. A uniform square is capable of motion in a vertical 
plane about a hinge at one ol its angular points; a >tiing 
attached to one of its nearest points an 1 pissing over a pulley 
vertically above the hinge at a distance trout it equal to a 

side of the square supports a weight which is^,—weight ot the 

square. Find the positions of equilibrium and determine 
whether they are stable or unstable. 

11. A uniform beam of length / and weight W is hinged at 
its lower end A. A string fastened to the other end B passes 
over a smooth peg at a height a vertically above the end A. 
and supports a weight w. Shew that the beim can rest m (, huc< 
to the horizontal at an angle 0 such that 


sin 0 


“ 21 \ 1 W* ' -« 


12. A cylinder of radius «. whose axis OO is ah\a\s 
horizontal can roll down a perfectly rough plane inclined at an 
angle a to the horizontal. The cylinder is eccentrically l-mdcd 

so that its oentre of gravity G is distant / from . ; ieu 
that if r > a sin a, equilibrium is possible for two positions 
of G relative to 00' and that in each case the angle which 
the plane OO'G makes with the vertical is 

. /a sin a \ 

81,1 \"r /• 

Shew also that only one of these positions gives stable 
equilibrium, and indicate it. 

13. A uniform rod of weight W lias its ends attached to 
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small smooth rings which can slide on the circumference of a 
circle of radius r which is fixed in a vertical plane. , The middle 
point of the rod, which is dis ant a from the centre of the 
circle, is attached to a light string which, after passing over a 
small smooth pulley fixed at the highest point of the circle, 
carries a weight w at its other end which hangs freely Find 
the possible positions of equilibrium and determine whether 
they are stable positions. 

Shew that the slant position of the rod when it exists is 
unstable, and that in this position the reactions between the 
circle and the ring are each W/2. 

14. A uniform plank of thickness t and weight W rests 
across the top of a fixed circular cylinder of radius r, whose axis is 
horizontal. Prove that the gain of p ;tential energy, when the 
plank is turned without slipping through an angle 0 in a 
vertical plane parallel to its length, is 

W [r0 sin 0--(r-r<) (1—cos 0)]. 

Deduce the cond.tions of stability ; and in particular prove 
tha , when r — t. the equilibrium is unstable. 

If). AOA' is an isosceles wedge, vertex O and centre of 
gravity G, such that OG =h. It rests symmetrically with its 
vertex downwards between two smooth horizontal circular 
cylinders, each of radius r nod having its centre at the same 
horizontal level, the distance between the centres being c. If 
it be displaced from its symmetrical position so that OG makes 
an angle 0 with the line of centres of the cylinders, show that 
tiie work done against the forces is 

VY [(/i-f-r cosec a) (1—sin 0) — c cos 2 0 cosec 2a], 
where angle AOA' = 2a. 

Pi vc that there are one or two positions of equilibrium 

according as 

c <, =, or > (r + /r sin a) cos a ; 
ui d tind whether these positions are stable or unstable. 

10. A wheel with a cylindrical axle can turn about its 
axis of symmetry, but the wheel is loaded so that their centre 
of gravity G is at an eccentrc point. Given weights m l and m t 
are suspended from strings round the circumferences of the 
axle ami wheel respectively. Find the locus of the centre of 
graviiy of the system and point out the stable and unstable 
positions where equilibrium is possible. It may be assumed 
that m l a l -- wi a « 2 <Mrf, M being the weight of wheel and axle. 

If, owing to friction, the wheel and axle can resist turning 
by a (maximum) couple C foot-pounds, what is the range of 
values on either side of the above equilibrium positions wherein 



EXERCISES VIIT 


165 


Art. 38a. ] 


equilibrium is still possible ? It may be assumed 

m i a i ' w wi 2 a 2 + C < M d. 



that 


m,a, S0~"'* a **0 - = ° 

in the first case ; and in the second case, c5 6 must be added to the l a 

hand side. , • •... 

It should be noticed, that if work is done .*/* dij'^orh 

the displaced posit,on, the equWbrntn, po^Oon n.u a t be 

is performed by the Jo’ces, it must be uiuloolt. I 

17. Two smooth wires are bent into circular «rc» ^ ^_• t 

same radius a, and are held m the otl ,‘. r the centres 

eaoh arc passes through the centie <• • t tjl . in 

being at 1 the same level. A un.f. ' “ d ’lill^ne cul on 
a is provided with rings at each end a when the 

each" of the arcs. Shew .ha. the l-o^n »^h 

rod is above the line of centres an . ,.«■ centres and above 
section, and unstable when below the me ro ,i is 

the lower intersection. Investigate the slabiiuj 

above the upper intersection. . .- 0 i o,. m i.ciroles 

18. Two particles M,M' slide on 

S, S'whose concavities are turned l ^ pas3 i n g over a 

respectively. They are joined by a h • f 'phe string 

email smooth pulley ver.ic.llyabove «.««»£o • ,, t 

is just not slack when M, M are at the«'^ 9 stability of 
points of their respective somt-etrcles. Dtscuss 

equilibrium. 
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19. A bead P of weight W slides on a smooth parabolic wire 
of latus rectum 4a and fixed with its axis vertical and vertex 
downwaids. To P is attached a string of length Z which passes 
over a smooth peg B fixed in the axis of the parabola and 
carries at its other end a particle of weight w. The height of 
B above the vertex is h ( > 2a). Obtain the configuration of 
equilibrium and shew that the configuration in which P rests 
at the vertex of the parabola is stable provided 

W h—2a 
w h 

20. A uniform rectangular board of weight W is free to 
turn about one of its edges and is supported in a horizontal 
position by a cord* which is attached at one end to the middle 
point of the opposite edge of the board, passes vertically up- 
wards from that point over a smooth fixed pulley of any radius, 
and carries a weight 1W at the other end. Prove that, if the* 
board turns through a small angle d, the work donfc against 
gra\ ity is given by 

WaWj4h 

approximately, where 2a is the breadth of the board and h the 
height of the centre of the pulley above the horizontal plane 
passing through the fixed edge. Hence shew that the horizon¬ 
tal position is one of stable equilibrium. [The hinged edge 
of the board is at right angles to the plane of the pulley and 
no part of the pulley is vertically over any part of the board]. 

21. A plank is balanced across a oylinder which rests on 
a horizontal plane. The centre of gravity of th« cylinder is 
at a dis'ance c from the centre, the radius of the cylinder is 
a, and thickness of the plank 26. 

Shew that the equilibrium is stable for rolling displace¬ 
ments d a >6 and Me (a — b) >ina 2 . where M is the mass of 
the cylinder and m the mass of the plank. 

22. A uniform bar, of length a and weight u\ is pivoted at 
its upper end A. A second uniform bar, of length b and 
weight u> , is pivoted at its lower end at a point distant c 
vertically below A, where c < a -f 6. Both bars move in a 
?' 1 len . I 1 *” ne - A smooth peg at the upper end of the lower 
. at n 8“ t angles to the plane of the two bars works in a slot 

! n { ie u Pl )Cr par. Shew that the configuration in which both 

bars are vertical is stable if 

*»' ^ ab 
w < (r. — &)** 

Discuss what happens when 

tv' ab 

— = or >-- 

w (c - 6)* 
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23. A light lever AOB of leneth 2a can turn freely about 
its middle point O. A weight 2w bangs from the end A. A 
rod BC of length b is smoothly jointed to AB at B, and the 
end C supports a weight w and is restricted by a frictionless 
constraint to move in .the downward vertical through O. 
Inves'igate the positions of limiting equilibrium and their 
stability according as a is greater than, equal to, or less than b. 

Also shew that, if, in the case b = a. turning at the joint 
B isTesisted by a constant friction couple F, there is a position 
of limiting equilibrium in which the lever makes an angle 0 with 
the vertical given by 

4iva 3 F sin d cos 2 0 = (ft 2 — « 2 ) (tea sin 0 - F) 2 . 

' 24. A light rod AOB of length 2a, pivoted at its mid-point 

O, carries at its end A a weight \V and has attached to its 
end B a string BC of length ft > a The end C of the string 
carries.a weight tv which is constrained to move in the down¬ 
ward vertical through O by means of a smooth vertical groove. 
Find the condition for stability when AOBC is vertical with 

A above B. 

Shew also that, if 


w 


(, _ “ ) < W < w (l + f). 


the positions of equilibrium exist in which AB is inclined to 
the vertical, and infer their stability or instability. 

25. A rod AB of length l and weight W is pivoted at A. 
The end B is attached to a light string which passes over a 
smooth pulley C and carries at its other end a load hi W . L- is 
vertically above A and CA = /< (< 0- 

Provo that both vertical positions of equilibrium are stable 

if an oblique position of equilibrium is possible, and that 
otherwise one is stable and the other unstable. 

Examine the stability in the cases for which 

' ‘ Til = l 4- /<■ 

26 ABCD is a uniform lamina which is in the shape of 
a rhombus of side a and the angle A equal to 2a. P and U. 
are smooth pegs, PQ being of length L and horizontal, and the 
lamina can rest with points on the sides AB, AD in conta 
with the pegs. Show that if « sin a cos-a is equal to or 
greater than L, there is only one position of ef l ul lbll ^ m l " 
whioh AC Is vertical and that this is unstable ; but that, if a 
sin a.-cos 2 a is less than L, there are two positions of equili¬ 
brium of which the one in which AC is vertical is stable. 

Prove also that, in all cases for equilibrium to bo possible, 
L muBt be less than a cos 2 a. 
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27. A solid homogeneous circular cylinder of radius r is 
bisected by a plane passing through its axis and on one half 
as base is constructed a triangular prism of isosceles section 
and of the same substance : the whole is placed in equilibrium 
on the top of a fixed circular cylinder of radius 2r with axis 
horizontal, the axes of the cylinders being parallel and the 
curved surfaces in contact. Shew that the greatest height of the 
prism consistent with stability for a small rolling displace¬ 
ment is 

*r( ^9 - 2tt - l)‘ 

28. With reference to article 3So, prove the following cons- 
truction for obtaining the centre of curvature O of the path of 
the centre of gravity G of the supported body. 

“Produce the lire joining G and G to meet the horizontal 
through l in M , and the join of AI and C'to meet the vertical 
G1 in u .” 

29. In article 38a, if the two surfaces in contact are spherical, 
prove that 



30. In the previous example, the line of centres is vertical 
in the position of equilibrium (that is, a = 0). If 



and the common normal makes an angle 0 with the vertical, 
shew that the cenirc of gravity of the upper surface is displaced 
above its original position a vertical distance equal to 

“ £4 0 ‘ < r ' + r > < r ' + 2r)/r 2 , 
neglecting the terms of higher orders in 0. 

Deduce that, for stability, either r or r' must be negative* 
and that : 

(1) If the radius of the supported sphere is greater than 
that ot fixed sphere, the equilibrium is unstable. 

(-) It the radius of the supported sphere is less than that 
ot the fixed sphere, the equilibrium is stable only if r' > —2r, 
ihut. is, if the radius of tlie fixed sphere is less than twice the 
radius of the supported sphere. 

this means t hut both spheres must have their concavities turned 

the buino way. 
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(3) If the radius of the fixed sphere is equal to twice the 

radius of the supported sphere (that is, if 2r + r — ), P™?”® 

that the centre of gravity moves on a horizontal hne so that the 

equilibrium is neutral. 

§ 4. ELASTIC BODIES. 

39 Stress When a body is in equilibrium under the action 
of applied forces, the effect of the forces is transmitted across 
its material. It folio™ that, across any plane area m he body 

The stress over an area is measured by its intensity or force 
per unit area. 

Stress may be uniform or variable. 

Let p be the intensity of stress at any point of a plane 
area A. 

If the stress is uniform, then p = x where P is the total 

force over the area. ^ 

If the stress is variable, then p = Lt — where SA is 

infinitesimal area surrounding a point over which the force is 
8P. This gives a definite value ot 1 • 

The point in the area, through which the resultant force over 

it acts, is called the centre of stress. 

r 1 The stress over a plane ana S is uniform and 

nortZteleJt: Prove <d< l*< centre of „r™'U » ■*» 

the centre of stress. 

Let p bo the uniform intensity of stress : then the total force 

OT Tet xT, fbo the distances of centre of stress and centre of 

gravity from any line YY in the “ ss denote „„ 

Consider any point d'stan Taking moments about 

infinitesimal area enclosing this point. b 

YY, we have 

pS = 2 <*• P«S) = p.S <*«> 

= p. 7s 

The load or forced thbL. >“^<1 boWton 

Th«co..versoofth»p oblom , tot g.oomlly “» «>«' 
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Example 2. The stress over an area varies as its distance 
from a live Y Y in its plane. The line through its centre of gravity 
G perpendicular to Y J meets YY in O. J he line ()G (produced if 
ilecessary) is an axis of symmetry of this area. If C be the centre 
of stress, prove that 

OG. GC = k-, 

where k is the radius of gyration of the area about an axis through 
G parallel to YY. 

What happens in the case when YY passes through G ? 

Consider the area SS cut off by two* infinitely close lines 
parallel to YY and at a distance x from it. 

Let P be the total load on the area ; it acts through C which 
lies on OG (produced). 

Now M e stress pat a distance x from YY var : es a3 x. Setting 
therefore p = ax (where a is a constant), we have 

P = S (ax. SS) = aV(a-SS) = aOG.S. 

Taking moments about O, we have 

P. OC = v( az . SS.x) = a y x'dS 

= aSA-g = aS (it 2 i- OG 2 ) 

OG. OC = k* 4- OG 2 
or OG. GC = k~. 

When YY passes through G, O is at G and P = 0. In this 
case, the total force on ono side of YY is tension and the other 
an equal compression. These constitute a couple of moment 
(say) M. Then 

-M = V(a. r . 5S. x)= a J x n - d S = a. SR 

The centre of sires* in this case falls to ono Bide of the cont.e of 
«ru\ity and haul is therefore known as non. axial . The stress varies uni- 
for inly ns its distance from YY. It is therefore known as a uniformly 

trying stress. YY in known us its neutral axis, a the constant of variation, 
and M the stress couple. 

for °, f thi * P r ° b,em cnnnot bo P">vod but it may be taken 

tor granted, that is to soy, wo may sov that generally “a noh-axial load 

9 XVCH riMC to a umjormly varying stress." 

It will be noticed tlmt sine.’ OC (or GC) is an axis of symmetry the 
ooupl s or moment about this axis is zero. Thus the forces’ constitute a 
couple (ths atrrfis couple) only about the neutral axis. 

40. Strain. In nature the bodies are not absolutely rigid 
but undergo a change in shape when acted on by external forces. 

1 he deformat on or the change of shape is defined as strain- 

A material is said to be elastic with respect to any applied 
stiess it the strain disappears when the stress is removed. 

I f the strain persists after stress producing it is removed, it 
is called a permanent set- 
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For convenience, these strains are called elastic and plastic. 
The simplest kind of strain is longitudinal. 

A rod of length l will extend or shorten when under the 
action of a pull or push. The strain is measured by the ckf 
in length per unit length, that is to say, if the change in kn c tl 
is 81, the strain is 8 1,1. The strain is thus a mere number. 

All materials are more or less perfectly elastic with respect 
to stresses up to a limit after which any increase in the stress 
produces a permanent set. The limits of stress within which the 
strain is wholly or almost wholly elastic are called Limits of 

Elasticity or Elastic Limits- 

Hooke’s Law The subject of elastic bodies depends on a law 
wh”h°wasbv Hooke in 1«78 us u, tensiosic ru■ o.- Fore, 
is proportional to extension.” It may now be stated ns follows 

"Within the limits of elasticity, the strain produced by a stress 

a \yherTui«f ^ress’exceeds'the^lusVic' limit, the strain increases 
in a much more rapid ratio to the stress than before. 

Let the pull or push on a rod be denoted by I . “ 

suppose that the pull is axially applied. Let A be the area 

the cross section. 


By Hooke’s Law, 


81 


r 


~l ~ AE ' 

where E is a constant for all bodies of a given material. It has 
usually the same value for both tension and compresston. It 
of the nature of a stress or fo,cc per unit ar w U i > 

Young's modulus or Stretch modulus. Its talue lorst 
30 million pounds per square inch. 

In problems in Plane Statics concerning rods oi string , 
usual to express the law as 

p = k. ^ = 

The constant k (or M is called coefficient or modulus of 

elasticity- or . g not t , l0 Kamc f or uii bodies 

A little consideration b1io«s il A of , engtll / and cross 

of tho Buroo material. For t ‘ xu, “ 1 ’^.\ * d . r n puft’w.whero /. denotes tl.o 

section A, would extend a l e „ jlh “triniii would extend tho same 
modulus of the string. A group denote the modulus of tho group, 

length under u pull \N ' — '* Thus 

tho extension in this cose is W l lL • 

jLssi-or-.- “ v* 

k' k A «A 


or 


tho moduli oro proportional to tho area, of cro„ «o tion». 
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Example 1. A light rod PABQ is suspended by two vertical 
springs PH, QS and is horizontal when unloaded. When a load 
of X lb. *s hung from A and a load of Y lb from B, the rod takes 
the position P'A'B'Q' where A A' = x, BB' = y. The loads are 
supposed so small that P ', A', B', Q' may be considered as verti¬ 
cally below P, A, B, Q. Each spring is such that when a load of 
one pound is suspended from it, its elongation is A foot. The 
length of the rod is a-\-b-{-c and PA = a, A B = c, BQ = b. 

Find x and y in terms of X and Y and shew that, if the only 
load is one of M lb. hung from A, the deflection of B would be 

M A (Q 2 + b z + ac be) 

(fl + t + c ) 2 J ' 

Let the tensions in the springs at P, Q be denoted by T,T'; 
then taking movements about A and B, we obtain 

_ (b-f-c) X + b \' m/ __ flX -j- (q -f- c) Y 

— a-\-b+c * a -j- 6 + c ’ 

4 

so that the depressions of P,Q are AT and AT'. 

AT — x _ x — y y — AT' 

c b ’ 


Therefore, 


a 


whence 


Hence 


or 


or 


( a + c) x — ay = ^ — bx±{b +c) y _ 


AT'. 


(a -j- c) (b -\-c) — ab 


x = aT (6 + c) + AT', a 


(a 


+-6-K) *= A ^^+ c ) 2 +o 2 ] X- r [b ( b + c)+q ( q-fc)]Y 
r a + b+C » 

. [(^+ c )l-^ a2 ]X-Kfl 3 -f b*+ac+bc) Y 


(a-J- 64 -c)* 


ft. 


o- 1 , . (a*+ 6 *+ac+ be) X 4 - f(a-fc) 2 -f b 2 ] Y „ 

Similarly y = ?1 --- d+b+O * ~ft- 

In the particular case, X = M, Y=0, which gives the required 
result. 

Examples 2 A weight If is attached to one end A of a light 
rod A E of length l which is free to turn about B. A spring of 
un-iiretched length l is attached at its lower end to IK and its upper 
enu to a fixed point V which is vertically above B. The elastic 
properties f the spring are such that it obeys Hookes law and it 
doubles its natural length when extended by a weight IF. 

kutw that the system is stable when the rod is iti a vertical 
position {%) if If is above li and BC greater than h (J-f-y/o) l, or 
[ii) if \V is below /> and BC is less than 1 + l. 
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Since the rod doubles its natural length under a tension W, 
its coefficient of elasticity = W. Set BC-a. 

(i) Let the weight W be above B. 

When the rod is disturbed from the vertical position through 
a small angle 0 with the upward vertical, the restoring couple 

= Ta sin <£ - WZ sin 0, 

where T = tension in the spring and <f> = angle BCA. 

Now a sin <f> = Z sin (0 + <f>) 

OT a cf> = Z (0+ </>), since both 0 and ^ are sma ’ 

or (a l) <f> = l _'i (a—2Z)W 

and T = ™ { V a 2 +l~—~ol ccs 0-1 , 

, since 0 is small so that cos 0 = 1 . 

• Also for equilibrium to be stable, the restoring couple must 
be counter-clockwise. Hence 


T. « sin <f> > WZ sin 0, 

a (a —21) <f> > 

a (a— 21) > l (rt-D. 

a 2 —3aZ -r Z- > 0, 
a > k (3+V ,r>a ) ^ 


or 
or 
or 

whence - . _ . 

rejecting the other value since a must be ^ . 

(ii) Let the weight W be below B. .... rV 

— T a sin ^ — WZ sin 0. 

But in this case, _ 

T = [va^+^r^iiTz 2 - I ] ss r" : 

, BC sin «/. = AB sin (0 - 4>) i 

whence <•+*> * = W ’ 

—i. - -— 

Hence • n 

T a sin ^ < WZ sin 0 

a 2 </> < 1*0 

or a 2 < Z (Z + a) 

° r a 2 -al-l l < 0. 

0r , a<4(l + V5)i. 

whence . * . . 

rejecting the other value since a >s pos.uve. 
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41. Measurement of forces. As remarked before, we can 
find the number of units in a given force by means of a common 
or a spring balance. 

(1) COMMON BALANCE. The force to be measured is 
applied to one of the scale pans. In the other scale pan are put 
a number of known weights which will just equilibriate this 
force. We thus compare the given force with a number of 
known weights. A little consideration will show that if we 
weigh a given substance by the common balance, we have to 
use^the same counter-weights wherever we may use the balance 
and so we measure only the mass of the substance under 
consideration. 

(2) SPRING BALANCE. The force to be measured is 
applied to the seal.* pan or the platform of the spring balance 
ami so long as the force remains within the clastic limit, the 
depression or elongation (corresponding to the compression or 
the tension in the spring) of the balance would give the measure 
of the force. The corresponding values are marked on a scale 
attached to the balance. Since the same substance has dift'erent 
weights at different latitude* corresponding to the variation in 
the unit earth pull, the same spring balance would register 
different values for a given substance at different places. We 
therefore measure the weights or forces by means of a spring 
balance. 


42 Work done in extending or compressing a spring. 

Suppose an clastic spring is stretched from a length a to a 
length h. 


When the stretched length of the 
spring is r, the tension in the spring is 
h'j'J. Consequently the fort-e-graph is 
a straight line l’l,) (see figure). 

Therefore, the work done in stretch¬ 
ing the. spring fr >m A to 1> 

-- the shaded uv.i 





= .\ (AP -r Ali 

= ( h'.rl, /t-s('./;« . (Sum of the initial and final tensions)-, 

” h A [b -j- a) f - a) l = A (6*—a a )/2J. 

Or thus : 


The work done 



rj 
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Example 1 A helical spring in a ship's steering gear is 
loaded initially by a force of 20 tons . which compresses it 4 inches 

Bow much further will it shorten under the impact of a wave if 

the additional work done on the spring is 5 foot-tons . 

Let x ft. denote the total shortening and let, l be the stretoh 
or shortening when the force is P; also let P = A/. 

When P = 20 X 2240 lb, / = 4 in = Jft ; 
and so A = 00 x 2240 lb per foot. 

Now 5 X 2240 = work done in ft-lb. 

= 4A(x 2 --£) 

= 30 X 2240 lx 2 —J) 


J 8 


. 1 o i t A - 

whence x ~ ~ •*» “ r 0 

' • x = 12 X Vj*n = -V10 = *>'32 inches. 

the additional shortening = 2 32 inches. 

Example 2. A particle lies upon a smooth horizontal table 

and U Ad to three point, A.B.V. /"«!**« •****# 

triangle of side 2a, Lythree ] shcw th(lt f lhe partirle 

and of moduli \*™ * 7Ztre O of the triangle , then 

can rest in equilibrium at in* « nuc ^ 

2a (~y - *') = 

Let OA be the string of natural length l ■ 

A possible virtual displacement is onc^n 1 

moves along AO. Setting OA = ■, 01! = y, "> bate 

,f- _ (aV» - *>* = ° • 

The tensions in OA and OH respectively arc 

i 


(x - l) nnd (v 

and so the equation of virtual "otk i 
A * *' 


/'); 


and 


(rr -l)ix+ 2 V [ ,J - n d!> = °- 

Vlso (ay 3 - x) dr + V f'J = °’_ 

initially x = y = 2«/V y = - ^ 


• • 


A * ~~1 
l ■ a% /3 - x 


2 A' 
V 


y - r 
y 


or 


or 


A 


2a (-j- -V-) = ()i - V) V3. 
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Example 3. A uniform elastic string of length l would have 
its length doubled by a pull equal to its own weight. Find its length 
when hanging vertically from one end. 

One end of this string is fixed to a point on a rough plane 
inclined at an angle a to the horizontal and the string is placed 
down a line of the greatest slope. Shew that the minimum increase 
in the length of the string is b l sin (a— A) sec A where 7\ (<o) ts 
the angle of friction. 

(i) Let k be the modulus of elasticity ; then 
Jt = W = the w eight of the string. 

Let the string OA be hung from one end O. 

Consider the equilibrium of an infinitesimal length PQ 
( = dx) at a distance x from O. Let the dashed letters denote 
the corresponding points in the stretched string so that OP'=a:', 
P'Q/ = dx'. 

If T be the tension at Q or Q', we have 




weight of the string below Q = — 
dx' . t 21 -x 

Tx ~ 1 + T “ ‘ i 


(l — X). 


y 


whence the stretched length 

(2 — xjl) dx = 15Z. 

0 

(ii) Using the notation as above, let the string be in limiting 
equilibrium and on the point of moving down the plane. Then 

T = (component of weight of portion QA down the plane) 

— (frictional force on the portion QA) 

\V 

(l—x) sin a — ;a — - [l — x) cos a 
(? — .'•) sin (a —A) sec A ; 


W 

l 

w 



also 



Hence integrating, we obtain 


total extcnsi< n 




— X. 

T 


sin (a — A) sec A 



— U sin (u — a ) sec A- 


If the stri 

be hj{ ken by 


ng were so stretched that the equilibrium would 
iis contracting, it will tend to move upwards and 
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then the extension would be 

= kl sin (a A) sec A. 

Hence the minimum extension is 

= $1 sin (a — 7\ ) sec ^ • 

Example 4. The buffers on a railway truck are controlled by 
helical spiral springs so mounted that, as the buffer ts compressed, 
successive coils of the spring close up : the relation between the 
compression x in inches and the force V in tons on each buffer being 

, _ o 15H \ 

x = 8(1 — e )■ 

The truck weighs 10 tons and is travelling at feet per second 
when one pair of buffers meets a rigid stop. 

Show that the compression produced will be about 0-2 inches. 
What speed of impact will produce a compression of 7 inches ! 
In compressing x inches, work done per spring 

= -?-[ ( 8 - •'•) log* " ' + *] in-tons. 

The kinetic energy of the truck dissipated in compression 

_ ii9_ 52 x 12 in-tons 

■ fir 

/. (8 - «) log + « - |j.(T30. I«) - 3-M* 

A solution of this equation is .« = b 2 inches. 

When x = 1 inches, work done in compression 

[ 7_3 log 2| = 05 01 in-tons 

and this is equal to the kinetic energy =■• * ^ v - l-in-ton 

Hence the velocity required = 4 \/2 l- s < — •> 0 f« et pei 
second. 

Examnlp 5 A unifotm elastic string A1\P >••• ••• ••• 2 
natural length l and modulus of elasticity A Iks uns re cie <>> « 
smooth table, and has a particle of weight w a tacke l to it at 
The siring is divided into » + 1 equal parts by sext on at the 
points P: P n . P„ and at each point of section a particle oj 

weight w is attached to two adjacent parts of the 

particles are raided clear of the table by a person who holds the 
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string at A, prove that the height of A above the table exceeds 

l [(n + 2) w + 2A] 


2h 

and that the work expended exceeds 

wl[ (n + 2) ( 4n 3) w 6n A J 

When the string is just clear of the table, let its length be 
AB' and let dashed letters denote the corresponding points in 
the stretched string. 

Let T r be the tension at P r ' ; then 

T r = if (n -j- 1 — r), 

since this tension supports ihe weight of the portion below P/. 

PVPV*. - PrP, +l 


Now 


T, = A 


PrP, +1 
Tr 

A 


whence P' r P' r+1 = -*-^1 + ^)- ~( l+» ^ ' 

n+i 

Hence AB' = 2 P' r P'r + i 

r*o 


> 


,7Tl( " + 1 + T 2 (n + 1 “ r) ) 


= „V [ < n + 2 > w 


2A ]. 


Since the string is just clear of the table, the height of A 
above the table must exceed AB'. 

Woik done in stretching P r P r *i 

= h (P',P' r4l - P r Pr +1 ) (0 + T r ) 




/ 


T r 2 _ , wH (it + 1 

tT~ ** «“+T‘ ) 


2 n + 1 

and so the work done in stretching the string 


= i 


wH 


n 


1 "+i 

y — 2 (n + 1 - r) 2 


r^o 


= if*/ (n + 2)(2n + 3)/12A. 

Also the work done in lifting the weights, when the end B is 
just clear of the table, exceeds 
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wB'P'n + wB'PVi + . + wB'P'j, 


which 


n 




r(r + 1) 


) 


2A 

n (n + !)(» + 2) 


WL / . W 

= ;m( in <” ++ it 3 

= ~ [6nA + 2rt (n + 2) wj. 


Hence the work expended 

—• work done in stretching the string 

-f- work done in lifting the weights 

and so exceeds an amount which 

= icl [(;i + 2) (4 m + 3) u; + 0MAJ/I2A. 

Example 6 . A weight \V is suspended by three flexible wires 
OA, OB and OC as shown in the figure. The points A, B and (' 
are fixed in a horizontal straight line. BO is vertical. The wires 
are of the same cross-sections and of the same elastic material. 

Show that the tensions caused by the weight II are J V/3, 7W/12 
and W14 respectively, and that the horizontal movement of O is 
one-seventh of the extension of BO. 

Also determine what horizontal force applied at O will reduce 
the tension in CO to zero, and calculate the corresponding tensions 

in AO and BO. 



Let O move to O', a horizontal distance a- to left of O and a 
vertical distance y below it, then 

elongation of AO = y cos APB - * sin APB = O Sy — 0 «x, 
and that of CO = y cos CPB -t- x sin CPB = Ody + O-Hx. 

Denoting tensions in OA, OB, OC by P, Q, R» we * iave 

0% — O Gx = 15 A P, V = 12AQ, O’Oy -f 0‘ 8r = 20AK 
and resolving horizontally 0 0 P = O-SK so that 
8y — 6x = Gy •+ 8 a: or y = lx. 

Resolving vertically 0‘8 P + Q + O'OR = W, 
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or W = (|-+T£ +T)/ 5A = 

Hence P = W/3, Q = 7W/12, R = W/4. 

Let H be the horizontal force required at O and let P',Q',R' 
be the corresponding tensions. If now O' be a distance x' to the 
right of 0 and y' below it, 

we have 0 - 8f/' + 0 0a;' = 15AP', y‘ = 12 7 \ Q' and 

06?/' — 0‘8 y' = 207\R' = 4 since R' = 0 so that y' = $x\ 
Hence P' = Q' and so H = O OP' and W = 0 8P' + Q' 
Consequently P' = Q' = 5W/9 and H = W/3. 

EXERCISES IX 


1. A heavy uniform rod AB of weight W is pivoted at A, 
and an elastic string of unstretched length l joins B to a fixed 
point C. AC is horizontal and of length A*.If 7\ is the coefficient 
of elasticity of the string, I' its stretched length, <£ the angle 
that the rod makes with the horizontal, prove that 


1 1 

/ “ 




Shew also that the equilibrium is stable. 

2. Two uniform light helical springs AO and OB, joined at 
O, are of lengths 2 ft and 1 ft respectively. They are held at 
A and B so that AB is vertical and the springs are just taut. 
Uiov require forces of f> lbs and 10 lbs—weight respectively per 
1 inch extension. 

Octet mine the magnitude and direction of the force necessary 
to hold them with the junction O displaced to C, a distance of 
0 inches perpendicular to AB. 

How much work has been done during the displacement ? 

3. A uniform rod weighing 12 lb. is hung from a rigid 
horizontal beam by three equal wires, one at each end and one 
at t n< middle point. A weight of 8 lbs is attached to the rod 

at C " lu re AO = \ AB. Jf the wires obey Hooke’s Law, find 
the pull in each wire. 


4 . A particle P of weight W is tied to one end of an elastio 
string of winch the modulus of elasticity is A and unstretched 
length is I. 1 lie other end is attached to a point O on a rough 
plane m.-lincd at an angle a to the horizontal. The string is 
stretched to n h-ngth L and the particle placed on a plane so 
that Oi makes an angle 0 with the upward line of greatest 
slope. 11 the frictional force makes an angle <f> with OP when 
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the particle is just about to move, prove that 4> is given bv 


sin (6 — <f>) 7\ (L — I) . 

sin <f> ~~ /W sin a 

and that, if p. is the coefficient of friction, 

p. sin <f> = tan a sin 0. 

5. A uniform rod, of weight W and length /, is suspended 
from a fixed point by two light elastic strings attached tu its 
ends. If the strings have the same modulus of elasticity W 
and are of natural lengths l and I 2, prove that their lengths in 
the position of equilibrium are Ijx and / y where 

•J = 1 + x > 

and x~ 2 + (l + x)~ 2 = U 1 + (1 - -0 -2 ) 


6 . A weight W is suspended by two strings, each of natural 
length 36 inches, from two points at the same level and 36 
inches apart. The strings have diflerent coefficients of elasticity 
and are stretched by the weight to lengths 37 ami 38 inches. 
Prove that the coefficient of elasticity of one string is about 
2 2 times that of the other 


7. An elastic string of natural length c has tension E.r when 
its length is c -f- x and x>0. By the expenditure of work \V, 
the length is changed from a to a -J- h, the string being in 
tension throughout. Shew that 

W = Eh (a + b h -c). 


A regular polygon A 0 A,. A n -i of n sides, where 

is inscribed in a circle of radius a and centre O. I’he junction 1 ’ 

of n elastic strings PA 0 , PA,.. of natural length c, is 

displaced from O in any direction in the plane of the circle 
through a distance r, small compared with n. Every string is 
in tension throughout and the work expended is \V. Show that, 
when powers of rja above the second are neglected, 

W In E r 2 (2« — c)ja. 


8 . AB is an elastic string of natural length / and modulus 
A. A weight win is attached to each of the points A,, A 2 ..., A„, 

where 


A A, = A,A 2 = A j A 3 — — A„B, 

and a weight w at B. Show that the potential energy of the 
string in the equilibrium position when it is suspended from 
A is lw z (14n l)/127\n. 

9. An elastic string of natural length 2a has its ends 
attached to fixed points at a horizontal distance la apart. A 
weight W is attached to the mid-point of the string and is 
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found to rest in equilibrium at a depth 3a/4 below the supports. 
Prove that the modulus of the string w 10/3, and show that 
the work done in pulling u> down through the ^dtumaZsmall 
vertical distance * is 122wz 2 /75a, if powers of x/a above the 

second are neglected. 

10. A buffer stop is fitted with graded springs for which 
the relation between the force F in tons and the compression x 
in feet is given by 


a = 0-1 F 


rvnm F 2 


for values of F lying between 0 and 50. 

For what speed of impact will a truck without buffers, 
weighing 10 tons, produce a compression of 2 feet ? 

11. It is required to bring to rest a weight W whioh has 
fallen freely from a height h by means of the direet pull o a 
rope of modulus k, one end of which is attached to it and 6 
other to point at a variable height vertically above. Find t e 
minimum length of the rope if the tension is not to exceed a 
given value T. Show that with this length of rope the distance 
in which the weight is stopped is 

2W7i 

T — 2\V ‘ 

12. A light rod BC is hinged at B to a wall and supported 
horizontally by means of a spring attached to its end C and to 
the point A vertically above B such that AB = BC 2 
feet. The spring extends one inch under a pull of 2 lb. it 
now a weight of 10 lb. is hung from C, find the extra force m 
the spring. 

13. A heavy elastic string, of natural length l and modulus 
A, hangs vertically under its own weight. Shew that the tension 
T at any point of the string is given bj T 



where £ is the displacement of the point of the string at x after 
stretching. 

Obtain the formula for the displacement £ and find the total 
work done in stretching the string. 

14. In the previous exercise, W is the total weight of the 
string, and weight P is attached to the free end. Shew that 
the extension corresponding to a length x is 



Find also the total work done. 
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[The first part of this question raoy bo worded thus : 

A heavy elastic string is held at one end and carries a load at the 
other end. Show that the total stretch produced is equal to the sum of 
(i) stretch of the strirfg under its own weight only and (11) stretch due to 
the given load considering the 6 tring weightless. 

Here T = total load below x = P J r " / 

Set z' = x + £ ; then the work don.> 

= J Tdx’ = J(T + T 3 /7^) dr etc.) 

15. One end of a heavy elastic string, of natural length J 
and weight W, is fixed on a rough plane inclined at angle> a 
■the horizontal. It carries a weight P at the other end and lies 
along a line of greatest slope. If 9 . v denote • » 
friction between the string and the plane and t ie vuj, 

the plane, prove that the stretch of the string is 

r sin (« + «£) W sin (a +_v) ? I 1 

L cos <f> ' 2 n cos * J ' 

where 7 ^ is the coeffieient of elasticity. 

16. The end A of an elastic weight less string.of l^t Uis 

attached to the rira of a wheel while t ie o wii t AJ , j s 
weight W attached to it. Initially W rt> sts «»n *- e ’ 

vertical and unstretched. The wheel ^ ( t o 

weight W is just lifted ofT the ground. It the sinn - 
twice its natural length under a load at. prove that the 

done exceeds 


IV 


l\\ + Iw log--^T\ V ^- 

17. The figure below shows the elevation of a m' ' " 

1 
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and the upper one is so guided that it may move only in a 
vertical direction. 

The hinges are assumed to be frictionless and the weight of 
the link work and the spring may be neglected. Each link is 
5 inches in length and the unstretched length of the spring is 
5 inches. The pull in the spring increases bj T 4 lb. for each inch 
of extension. 

Shew that the vertical load borne by the mechanism at its 
upper hinge cannot exceed 9 lbs and find the length of the 
spring for this maximum load. 

18. A smooth right circular cone of semi-vertical angle a 
has its axis vertical and vertex upwards : a heavy elastic string, 
of weight W, modulus of elasticity A, and natural length 2nl, is 
placed around it and allowed to sink gradually to rest. Find 
the position of equilibrium. 

A second string, of equal weight and equal natural length 
but of modulus A' (< A), is placed without stretching round the 
cone and the two strings are allowed to sink gradually to rest : 
shew that, in the position of equilibrium, both strings will be 
at a depth h below the vertex given by 

77 (A -r A') (h tan a — l) tan a = W/. 

Four bars are freely jointed at their ends so as to form 
a plane quadrilateral ABCD and the opposite corners are jointed 
by elastic strings AC and BD. The whole lies on a smooth 
hori/.i ntal table. If T, T' are the tensions of the strings and O 
is the point where the strings cross, prove that 

T. AC _ T'. BD 
UA. UC “ OB.OD* 

20. A frame ABCD is formed of four equal rods articulated 
at the angular points . and A and C arc lurthcr connected by 
means of an elastic stiing which is such that it extends to 
double its length under a tension equal to the weight of one of 
the rods. When suspended from A, the frame hangs in the 
form of a square. Prove that the unstretched length of the 
string bears to the length of a rod a ratio of which the amount 
is\/2 9. 

21 . Four light rods, similar in all respects, are hinged 
together to form a rhombus ABCD, and AC, BD are joined by 

i <stic strings of natural length AB. The rhombus is suspended 

A, and to C is attached a w eight equal to a third of the weight 
which would stretch either string to twice its natural length. 
.Shew that in equilibrium 3AC = 4BD. 

22. A particle of weight w. free to move in a circular tube 
of radius .i in a vertical plane, is attached to the highest point 
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of the tube by an elastic string, of length l ( < t a) and 
modulus A, lying in the tube. Shew that the system is in 
equilibrium when Q , the angular extension of the string, is the 
least positive root of the equation 


a 7\6 — wl sin( 0 -f — )= 0. 


If there are any other positive roots of this equation, what 
is their significance ? 

23. A uniform rod AB can turn in a vertical plane about 
a fixed smooth pin through A. An elastic string of natural 
length AB connects the end B with a fixed point C vertically 
over A at a height equal to AB. Examine the possible positions 
of equilibrium and then stability according as the tens'on of 
the string per unit extension is greater than, less than, or equal 
to the weight of the rod per unit length. 

24. Two equal uniform rods AB and CD. each of weight 
W and length 2 a, are freely jointed at their mid-points in the 
form of the letter X. The rods have small rings at A and C 
which slide along a smooth horizontal bar so that the rods 
hang downwards. Elastic strings, each ot natural length c and 
modulus k, connect AD and CB. Find the potential energy of 
the system for any angle between the rods and show that it 

2a , W 
2 C 

there is a position of stable equilibrium with the rods inclined 
to the vertical and a position ot unstable equilibrium with the 
rods vertical. 

25. A uniform rod of length a and weight W can rotate 
about its upper end O. An elastic string, of natural length 
6 (< a - c) and modulus k. is stretched between the lower end 
A and a point P at a distancer (<a) vertically above O. 

Shew that the position in which the rod points vertically 
upwards is always unstable. 

Shew further that if \\ < NN ' where 

_ 2 Ar (a — h + c ) 
b (a -f- c) 

the position in which the rod points vertically downwards is 

unstable, and there are two inclined posit ons of cquilib run 
which are stable ; while il W > W\ the second vertical position 
is stable, and there are no inclined positions of equilibrium. 

[Set AP = l and let T denote the tension in At*. 

T3vV VV it is easily seen that there are three positions of equili¬ 
brium viz.,' those in which the rod (I) points vorticaUy upwards (-) point* 

, -i . i ..I.limit-, inclined at angle y to tnouovwi 


VllVOe ••• " *---- * 

vertically downwords und (») is oblique, inclined 
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ward vertical. In the last case W = 2 kc (l — b)/lb. 

1. Let the rod bo displaced so that it makes a small angle x with the 
upward vertical. The couple restoring equilibrium 

= To sin OAP -JWo sin x 

= — £ ax [W - 2fcc (l — b)llb ], which is negative. 

.\ this vertical position is always unstable. 

2. Let the rod be displaced so that it makes a small angle x with 
the downward vertical. The couple restoring equilibrium 

= 1 Wo sin x — Ta sin OAP 

= i ax (W -W'). 

.-. this vertical position is stable or unstable according as 
W > or < W'. 

3. Let the rod be displaced so that the angle y increase by a 
small angle x. The couple restoring equilibrium 
= A \V<* 6in (y + x) —T a 6io OAP 

= i a (sin y + x cos y)[\V-2 ck (-J - l T ) + x sin 


= 1 kc 3 a x 3 sin 3 y/° which is positive 

this position of equilibrium (if it exists) is stable, 
such positions, one on either 6ide of the vortical. 

l—b 

Now W = 2 kc - 6 |-, 


There are two 


and i* = a 3 + c 3 -{-2 ac cos 0 

< (a + c) 3 since | cos0 j must bo < 1 

Hence W < W' 

if \V> W', tho inclined positions do not exist.] 

26. A telescopic tube AB (see figure) containing a coil 
spring is hinged at a fixed point A and carries a roller centred 
at B, which is in contact with a vertical wall. The lines AC 
and CB are respectively horizontal and vertical, and the plane 
ABC is at right angles to that of the wall. The length of AC 



is a. and the spring exerts a force Tv (l —*) when AB is oom- 
pressed to a length x. 

A vertical force F is applied at B as shewn. 
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Sketch the general form of the graph connecting F and the 
angle $ and shew that for any particular value of F, there are 
in general two positions of equilibrium, one stable and one 
unstable. 

Shew that the greatest value of F for which equilibrium is 
possible is given by 

s c -3 

F = A (Z*—a®) 2 * 

[Resolving vertically, F = T sin Q = (Z sin# — a tan Q). The 
maximum value of F corresponds to Q = where cos 3 </> = a l* 

Let a# /3 be tho roots of the equation corresponding to the value I 4 ' of 
F and let a< Consider the root a. Let the tube be displaced so 

that 0 = a -f If this position is one of stable equilibrium, we must 

have . 

J' > or < T sin 0, according as z is positive or negative. 


i. e. F 7 > or < (Z 6in a — a tan a) 

4- z (Z cos a— sec a)» •• 


\. e. 
%. e. 


z (cos 3 <£—cos 3 a ) > or < 0, •• •• 

<£ must bo > a. 

Similarly, tho position 0 = f} is one of unstoblo equilibrium.] 

27. A steel wire, of length' l and section A, can withstand 

a maximum tensile stress T and is initially stressed to a ten¬ 
sile stress T 0 . Neglecting tho weight of the wire, and assuming 
that it is elastic up to the stress T , show that the least force 
P applied transversely to the wire at its centre which will 
cause it to break is given approximately by 

P = TA-v/[* (T—T 0 )/E], 


and that the transverse 
wire relatively to its 
given by 

2 = 


displacement 2 of tho centre of (lie 
ends just before the wire breaks is 

l Vi (T—T 0 ) /2E], 


E being the Young’s modulus for the material. 

28. A weight of 2 tons is supported by three rods AB, 
AC, AD hinged together at A and also to a vertical wall at B, 
C, D. The rod AD is horizontal, and tho rods AB and AC 
are inclined to the horizontal at angles of 4;> and .‘lO degrees 
respectively. The cross-sectional area of the rod AD is twice 
that of either rod AB or AC. Show that the forces in tho rods 
AB, AC are tensions of magnitude 1.92 and 1.28 tons res¬ 
pectively and that in AD a compression of magnitude 2.47 
tons. 

29. A rod AB, which may be assumed to be rigid, is 
hinged at A to a fixed point and is supported horizontally by 
taut wires, PC and PB, of equal section and elasticity attached 
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to a point P vertically above A and to points B and C of the 
rod. AC = CB = a and AP = h. 

If a load W is applied at B, show that the tensions in PC 
and PB are increased by amounts 

2 W PC. PB 3 , 4 W PB PC 3 
~h~ ‘ PB 3 + 4 PC 3 h ' PB 3 + 4PC 3 * 

If the girder were to rotate through an angle of 0.06 degree 
when a = h = 10 feet and each wire has a section of 2 square 
inches, show that the load W is 10 tons when Young’s modulus 
for the wires is 13500 tons per square inch. 

30. A weight W is suspended by three elastic wires OB, 
OA. OC from three points B,A,C at the same level so that each 
of the angles BOA and AOC is a. The coefficient of elasticity 
of the wire OA is A and that of OB and OC is V. Prove that 
tension in the bar OA is 


_W_ 

1 2— COS 3 a 

A 

31. Two elastic bars OA and OB, each of length l and 
coefficient of elasticity A, are hinged together at one end O ; 
their other ends are freely joined to tw r o points at the same 
level and distant 21 apart. The hinge O depresses a vertical 
distance d when a weight W is hung from it. Shew that 

U z = W/ 3 

32. AB is an axis of symmetry of a plane area S which is 
subject to a non-nxial load W at a point C in AB distant c 
from its centre of gravity O. Shew that, if p,q denote the 
stress intensities at A and B respectively, 



where OA = x, GB = y, (BC>CA), and k is the radius of 
gyration of the area S about an axis through G perpendicular 
to AB. 

[Let the neutral axis cut AB in O. Then from Example 2 Art. 39 
wo lmvo CG = k 3 ’OG = c and 

V _ 1 _„ _ W. OG We , 

OG - x OG —y S(fc ? + OG 2 ) " Sit 2 ® tC-J 

33. In the previous example, S is a rectangular area It with 
AB parallel to the side k , and u denotes the distance AC so 
that \l<u< ll Deduce, or independently prove, that 
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In this case, prove the following geometrical construction 
for obtaining p and q graphically : 

“Trisect AB at L, M so that AL = LM = MB. At O set up 
an ordinate GK to represent W It on any convenient scale. 
Let KM,KL meet the ordinate at C in P and Q respectively. 
Then PC, QC represent p and q respectively ou the same 

scale.” 

Consider both cases when C lies within LM or without. 


CHAPTER IV 

CHAINS OR STRINGS 

§1. FLEXIBLE CHAINS 

43. In nature we do not come across bodies, definitely 
rigid or definitely flexible. Rigidity and flexibility are only 
partially realised in practice. An ideally flexible chain or 
string is one which does not offer any resistance whatever to 
bending. Such a chain can transmit stress along its length 
only, that is to say, the direction of stress at any point on it 
is along the tangent there. 

Steel and other cables and chains made up of links which 
are small compared with their curvature approximate moat 
closely in practice to perfectly flexible chains. 

In this chapter, we shall consider chains of this type, re¬ 
garding them as ideally flexible, which lie on fixed plane curves 
or which are hung from two fixed points. 

§2. FLEXIBLE CHAINS ON PLANE CURVES 

44. Equations of Equilibrium. —Consider the equilibrium 
of an infinitesimal portion PO = ds of a perfectly flexible 
uniform chain of weight w per unit length lying on a given 



curve in a vertical plane, s being measured from some fixed 
point A of the chain. The forces acting are 

(1) its weight u'ds vertically downwards, 

(2) tensions T at P and T + dT at Q, 

(3) reaction Rd.y along the normal at P, 

(4) reaction F ds along the tangent at P. 
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Art. 45.] _ 

Resolving along the tangent and the normal at P, we have 
(T dT) cos dp — T — F ds — wds sin p = 0, 

(T + dT) sin d^ — R ds —wds cos ip = 0, 

whence 


dT 

= F + w sin ip, 
ds 


= T^ = R + w cos p . 

p u«S 

p being the radius of cuivature at P. 

45. Smooth curves.-Suppose that the chain lies on n 
smooth curve. 

A. Let the chain be weightless 
The equations of equilibrium are 

dT = 0. and R = T/p. 

Thus the tension is constant and the pressure at any point 
varies as the curvature there. 

B. Let the chain be heavy and weigh w per unit length. 

The equations of equilibrium are 

dT = w ds sin <p = w dy. 

and R = T/p - u' cos >p. 

X = tvy + constant. 

Therefore, if T„ T, denote the tensions at two points whose 
ordinates are y x and y 2 . we have 

T, — Tj = w (y 2 — >/i), 

that is to say. the difference in tensions at two points varies as 
the difference of their levels. 

Example. A uniform string of weight w passes under the arc 
of a smooth, cycloid , with vertex downwards ^dhase 
and over two smooth pegs at the cusps. To find the length of the 
string when it is everywhere in contact. 

The tensions at the free ends being zero these must be at 

tension 3 ^at° the "c" 5T Also t e^e t£ 

generating circle. , 

Now tension at any point P at a depth » below the base. 

iB = W (l —y) ; and the pressure R there is given v 

__ 9) — w cos p. 

If the chain is everywhere in eontaet, R must be positive 

everywhere, that is to say, 

/ _ y = or > p cos ip. 
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for all values of 6. 

But when Q = 0, we have y = 2a and p = 4a. 

Hence l — or > 6a ; 

and when this is the case, the equation given above is satisfied. 

Since the perimeter of the cycloid is 8a, the total length of 
the chain 

= or > 6a -f- 8a + 6a 


= or > 20a. 

46. Rough curves. —Suppose the chain lies on a rough 
curve. 

A. Let the chain be weightless- 

The equations of limiting equilibrium are 

= F, Tj- = R, and F = pR, 
ds ds 

p being the coefficient of friction between the curve and the 
chain. 

Thus 


1 dT 

T • dy ~ fA ‘ 


Integrating, log T = \x<p -p constant. 

If To be the value of T when ^ =0, then 

T = T 0 e^ 


Example 1. .4 l> It driven pulley of diameter 2 feet transmits 
10 horse pomr when running at 240 revolutions per minute. 
Shew that :J the hell is on the point of slipping and subtends an 
angle of ISO on the pulley, the biggest tension in the belt is 306 
U). nearly, the coefficient of friction between the belt and the pulley 
being O' 1. 


;Xotk. Ii tensions in tho two portions bo T, and T 2 , R the radius of 
tlu driving pulley >nd X is its speed in revolutions per minute then the 
hotso power transmit ud is i„ N'R (T, — T a ), 33000.] 

In 1 he case under consideration, 


since the equilibrium 


T, = T 2 r* ", 

is limiting and the angle of contaot is rr. 


Also 


10 x 33000 
277 X 2l(fxl 


= T, — T, = T, (1 — « 
= T, [l - -285] 


whence 

Example 2. A rope 
Shew why the resistance 
number of coils. 


Tj = 306 lbs. 

with free ends is coiled round a post, 
lo pull on one end depends upon the 
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One end of the rope (see the accompanying f9 ure ) i * P v fM 

s araa? s- o'i sss ^ 

would cause slipping. 



given 


$ 

Suppose the rope goes round the l ,ost 
Chen T,T„ . •*-»*» - (B-35)*** - » » clear that, 

C °’ 'between the .ope and .ho bollard 

= (4?r - 40) rad’, a ns 
= 4(3-1410 - 0*8413) radians 

= 9-2 radians, 

. a __ 4 Q 0 —12' = 0-8413 radians. 

Bince cos 9 = §, whence 9 ■ > 0.3 X 9.2 licd at the 

Now a tension T greater than 3oe 

free end will cause slipping , an< 

T = 35 X 15-8 = 5o 3 lbs. 

,1 ond weigh w ver unit length. 

B. Let the chain be heavy ■ 

The equations of lin.Hingcqu.hbr.umar 

C.F + tP«n*.F-^B. -nd ~ * 

^ dT a — 

whence ~ds ~ P 

dT __ m ^ wp ( 6 in ^ — p. cos ^), 
dip 


= u> (sin ^ — P- cos 


or 
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or 


d 

dp 


(Te = wp (sin p — (z cos p) e ^. 


This can be integrated in any particular case. 

Example 3. A uniform string of weight w per unit length lies 
on the upper half APB of a horizontal circular cylinder of radius 
r, cutting the generators at right angles. Shew that , if \l (= tan <f>) 
be the coefficient of friction, the downward force at B required to 
make the string slip is 

wr sin 2<p (I + e^ 7 *). 


We have 


dT 

dp 


whence 


— (xT = ur sec <f> sin (p — <f>) 

Te ^ = tor sec <f> J sin (if/ — <J>) e ^ dip 

= C — wr cos (p — 2<j>)e~~ 

C being an arbitrary constant. 

.’. T = Ce^— wr cos (\p— 2<f>). 

Let P be the force required at B. 

Now T = 0 when p =\tt and T = P when p =§ 7 r. 

0 = Ce^ 77 ^ 2 — wr sin 2 p, 
and P = Ce 3[X7r / 2 -f tor sin 2f> 

= ur sin 2^ (1 d-e^ 77 ). 

EXERCISES X 

1. A uniform string of weight w passes once round a hori¬ 
zontal cylinder ot radius r, cutting the generators at right 
angles. Shew that its length cannot be less than 13‘53r. 

2. A string is hung over a horizontal cylindrical rod. One 
end supports 8 ounces and the other 5 lb. when the string is on 
' ic point of slipping. Shew that the coefficient of friotion 
not ween the string and the rod is 0‘733 approximately. 

3. A s.^el wire cable passes round a fixed post and the 
end is made fast to the standing part of the cable by two 
c amps in the manner shown. When the pull in the cable is 4 








tons, the clamps begin to slip. Calculate what this tendency 
o slip amounts to in tons. The coefficient of friotion between 
u, .P° st a ^ Cft blo is 0 25. The angle of contact may be taken 
ft8 i 80 and the obliquity of the two portions of the loop may 



Ex. X.] 


FLEXIBLE CHAINS 


105 


be rT , po passed a n r" u >« 

beams with rounded corners as shewn in t . * j ic ^inien- 

If thQ diameter d of the rope is small eompa should 

sions of the framework, shew that the condition 



not slip when a tension is applied at A, the end C bem 0 

2 [J.7T l 

^ >8 d' 

where l is as measured in the figure and {* » 

the coefficient of friction both >e ' v <* parts of 
and the beams and between the two parts ot 

the rope. 

Assume that friction at B acts along Jit,. 

5. A rope, ending in a ring A, is looped 
round a pulley wheel and s.ibjectod to n p»11 
applied in the manner shewn m the accomp. n> / 

ing figure. . N 

Prove that slip between the ring L 

will occur unless a is greater tha O 

given by the equation ly' 

' ixa n 

2 cos a =e M 

For l x=i, solve this equation, determining a Q 
correct to the nearest degree. 

6 . OABCD is loop of light jnextens.blo ^ 
string which passes in a vertical plane over a 
horizontal circular cylinder ABC and oarnes a 
weight W suspended from O. The straigh 
portions OA, OC are at right angles to one 

another. 


free, is 
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The cylinder is slowly turned about its axis and slipping is 
found to occur when the applied torque attains the value 
5\/2W. OA/13. Shew that the coefficient of friction between 
the string and the cylinder is given by 


V- 



7. A light rod AB carrying a weight W at its centre is 
supported by a rope which is attached to its ends and hung 
.symmetrically round a horizontal peg O of small circular seotion. 
Each of the angles A and B is a. 


By means of a gradually increasing weight w applied at B, 
the rod is made to take up the position A'B' inclined at an 
angle (? to its initial horizontal position AB, the angles at A' 
and B' still remaining a. 

Show that the rope will commence to slip round the fixed 
pulley when 0 reaches the value given bj* 


tan 0 = 


tnnh ua 

tail a 


where u. is the coefficient of friction between the rope and the 
PCg. 

Show that the value of w which will produce this inclination 
is given by 


w = W,— nh ^ . 

1 — la.ittj ua 
• 

A steel rope of variable cross-section is suspended bet- 
weeii two points at the same horizontal level. If the cross- 
section of the wnv is so adjusted that the stress at every point 

is/, show that the equation of the wire referred to suitable 

axes is 


t , p.r 

'/ = log sec , 

i> is the density of the material of the rope. 

9. A cl: tin hangs in the form of a cycloid 

x — a ( 0 -!- sin (?) , y = a (l — cos (?) , 
v nil the axis vertical and vertex downwards. Find how the line 
c t-iisny v must vary with 0 in order that the chain may hang 
freely in this form. 

Also prove that, if the chain is uniform but is maintained in 
tne cycloidal form by a distribution of horizontal force H per 

Uni r 11 ~ u> tan (6,2). In what direction must H be 

applied ? 

10. A heavy uniform chain weighing w lb. per foot is 
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sagas vs ssss ss ss 

aas zspawM* usr-s a- 

tension increases with 

— (Te “^) = wre~~^ (cos ^ sin ; 

and that T, and T„ arc the tensions at the points where the 
chain leaves the drum (T, > T.). ‘he greatest value 
consistent with equilibrium is 

t 


+ +n- 


tp r _ 0 . 5 an d the chain is 20 feet long, find how 

If (x = 0 5, r - 0 o, anu tber consistently with 

much lower one end can be uu i 

*3! ="? r'S 

«™'«a-" ■ “ “ . ... 

point of slipping, show that 

v = ie + T ^ ? ( 1 + O 

where (i is the coefficient of friction between the belt and the 

PUU ,T A uniform flexible belt of unilorm crosaseeti™ ,and 
length jrr is placed symmetrical y on a 1« ^ turned 

can be rotated about a hortaon lax,^ 1^1 ^ . f (hi . M , 

slowly through an angle o, .V tlic belt is not to slip, show 
hanging vertically downwa.ds. If «»«belt 

that tho limiting value of a is a soluti 

(tt - a) taiiA sin (a— 27 i) + a ^ sin , 

where * is the angle of friction between the rope an. 

13. A weightless string is ait ^ cl ) ^ d t ‘Th^wind'^roducesa 
same vertical line at distance * « l • ij cct ; on Q f the normal 
force k sin t per unit lengt i m ^ t lQ t j, 0 string and the 

where ^ is tho angle between ' t | i:l t the tension 1 is 

horizontal, and fc is » cons an . . cannot be less 

the same at all points « f the siring nd u»a 

than kh/n however long the sir fe * ^ under tho action 

14. Anine.vtensiblestr.ng « •"^ of f olcc , prove that 

of a centra, force F dT UO = he_ F (;i) ^ _ A 
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where (r ? 0) are the coordinates of a point P on the string referred 
to any initial line Ox- through 0,T is the tension at P, p the 
length of the perpendicular from O on the tangent at P, and A 
is a constant. 

Prove also that 



Ar 

o > 

p-p 


where p is the radius of curvature at P. 


15. If the form of the string in the last example be a circle 
of radius a, prove that F varies inversely as OP cos 2 6 where 6 
is the angle OPC. 


10. An elastic string of modulus A and density p per unit 
length when unstretched lies in the form of a semicircle of radius 
a on the upper half of a smooth circular cylinder whose axis is 
horizontal. Ii T is the tension of the string at a point whose 
radius makes an angle </> with the upward vertical, the angle to 
the same point of tlit* string if lying unstretched symmetrically 
across the cylinnder being 0. show that 

dT 

ii -H f JP a am <j> = 0, 


where 



11 A = -j/pa, deduce that 



T = A (v - cos \<j> — 1), 
ami that the unstretchcd langth of the string is 

ih/y'2 log (y'2 - 1) 
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17. ( on non or uniform catenary.—Consider a perfectly 

exi tie and ;nt chain of weight tv per unit length hanging 
'•nu. r gravity from two fixed points A, B. Let C be the lowest 
i « , t :,<! rhain and P any other point. Let the tangent at 
"""" iI1! * with the tangent at C; and let CP-s. The 

" 'ing on ti t portion Cl* of thechain are as shown, viz., 


(1/ tension T 0 at C, 

(2) tension T at P, 

1*1 ’ "fight mvs of the portion CP. 
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l'J‘J 


For equilibrium, these must be concurrent. Resolving 
horizontally and vertically, we have 



■ • T cos ^ = T 0 . 

T sin t = 

whence, setting T 0 = «--c, 

s = c tan t- 

This is the intrinsic equation of the curve in which the 

string hangs under gravity. 

The cartesian equation is easily obtained as follows : 

Let the axis of e be taken parallel to the tangent at C ; 

then 

(lx u 

cost = * » smt = ,/,/ 

* = d f- £ = c see 4, 

•• d^i ds cI 

whence x = c log (sec t + tan + A » 

where A is a constant. 

If we take the origin to lie on the normal at ( , then .c - 
when t = 0, and so A = 0. Thus 

x = c log (sec t tan t)> 

Similarly. % = j** = « Bee * la,. ' 

whence y = c sec t + R» 

where B is a constant. _ 

If- we take the origin at a distance c below C, then y - <, 

when t = 0 and so B = 0. 
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Thus 

Now 

whence 


y = c sec p. 

cc lc 

sec p -f- tan p = e ' 
sec p — tan p = e 



The cartesian equation of the curve is 

c / xjc —a;/c\ 

,j = -(e +e ) 


This curve is called the common catenary ; the point C is 
called its vertex, the x-axis its directrix ; the y-axis its axis ; 
the vertical depth of the vertex below AB its dip ; and the 
constant c its parameter. 

48. Properties of the Catenary. —The following properties 
are often useful in dealing with catenary problems. 4 . 

(a) Since y = c sec p, 

we have T = T 0 sec \p = wo sec p = w y- 

Thus the tension at any point varies as its height above the 
directrix. 


(/') Again, 

y 2 = c 2 see 2 <p = r? + c - tan 2 p = c 2 + s 2 . 
(c) If follows from (6) that 



( d) Suppose the 
srna 11. Then, tho in 
from the feu inula 


catenary is nearly Hat so that the dip is 
iiixiumm value of p being small, it follows 
s = c tan p that c must be large so that we 


ain y» this ease, neglect powers of —heigher than the second. 
Thus 



and 

Lc t /, u, i' 
r< speetivv ly ol 


Again 

v\ hence 
and 




or* 

tic 2 


■leuotc the length,* the span, and the 
the catenary . then 

d 4- c =■ c -}- n-i8c or d = a i /8c. 

I ~ a ~r a 3 24c 2 , 

c - V '<rV'4 (I- a). 

d — \/3 (l — ( i ) ajb. 


dip 


* I ho leugth ot thn oatouury is sometimod callod itd bight. 
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Example 1. One end of a rough uniform chain of length l is 
fastened to a point on a vertical uall at a height h 
ground. Shew that the greatest distance from the uall at which 
the free end of the chain will rest on level ground is given by the 

expression 

r 7 / h+l 

“{ 1 + • [x 

where u = l + ph — \/[ (. a ‘ + ^ X 

and u. is the coefficient of friction. 

Let s be the length on the ground ; then the horizontal 

o - Now the height of the free end 

above the directrix of the catenaiy is + > 

(6) above, 

(/t c) 2 = c 2 -r (l — 5 )'- 

or s 2 — 2 {l + ph) s + l* = /r * 

whence, since l — s must be positive, we have 

. = I + uh - v/[(g 2 + 1) "" d s° " * 

Let the distance required he u + x ; tlun t >“ poin 

(x, h + c) lies on the catenaiy, and so 

/ h c 

x = c log —7-r c ; 


= jxu log ( - 


c 

A + / 


l-i> 


p« !'• 

Example 2. x4 Me t*///»»fif «/ " *«^’ 1 *£"'„',7c 

ground at the end of a flexible urn. ~ ^ ,„rlincd 

weighs 024 lb. per JOOf'tt.undif, » ■ s tnlchi»j force 

to the horizontal at tan 1 {Itfy/Jl, tSK "’ ,, /• / ' i, }J the 

at the lower end is about 26'5 lb. and that the pull apptn J 

kite to the wire is about 30 ^5 lv. , 

Let PP' be the wire, P being the lower cm ^ ^ 0 (’ tl ; e 

be the heights of tlic ends 1, ;l !°' i t r t i lC kite ami so 
catenary. Then y' - y denotes the height of the 

y' — y == 1 mile. ,, , . 

T' — T = 0 0024 X 5280 = 1- 7 lb - n ° ar 

The wire PP' is in equilibrium under the ^usk-os p ,' mJlke 

its ends, and its own weight. Let the ro 

angles V with the horizontal. By Lann sthtci . 

T T ' 0 0024 X 2 X 5280 


also 


COB *jj' COS ^ S, “ ^ 

2 (cos * - cos *') = Kid (*' - ' 

tan $ = 1/ 4 V**- 
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Solving these, = 8° — 14', p' = 47° — 54 . 

m 0024 X 2 X 5280 X cos p ' 

^ — sin (p' — p) 

= 205 lbs nearly ; 

and so T' = 39 25 lbs nearly. 

Example 3. A wire guy supporting a mast weighs w per foot 
run The upper end of the guy is h feet above the lower end and 
the horizontal distance apart of the two ends is also h feet. 1 he 
wire is stretched taut, the disance of the centre of the wire out of 
the straight being a small quantity b feet. Prove that the tension 
in the wire is approximately wlrf(ly/2 8 ). 

Let the equation to the wire guy be 

‘( e* /C +e-^)-« + *■/*. 

since the value of c is large. 

Suppose the lowest point is (x,y) ; then (x + h, y + anc * 
(x + \h,y + i h — 5) lie on the curve ; thus 

y + h = c -f- (x -r h)-j'2c, 
y + bh- 5 = c + 4 - iA) 2 / 2 c. 

From the first two equations, 

}J, = c + -r 2a h + /r)/4c. 

. £> = 74,'Sc. 

• • 

The tension T at the upper end 

= uc sec 45° (approximately) 

= wifi 1 45y'2. 

Example 4. A uniform perfectly flexible chain 105 feet long 
and weighing Till lbs hangs from a fixed point with its loivest end 
just touching the level ground. A man picks up the free end 
and walks slowly away with it, holding it at a height of 5 feet 
from the ground. Sh< w that when the tangent to the chain at 
this end is j" d horizontal, he has done an amount of work which 
in foot-pounds is equal to 

12-5 i (2 05)- Uxje 41 - 2-1). 

C . xtc —zlc,. 

Let the equation of the chain be y = o \ e 4" e / 

when the tangent to the lower end is horizontal. If (x, y) be 
the coordinates of the fixed end, then 

7 - lor> -p (c — 5) = 100 + c - 

>/~ = c- -1- s-, and .>■ = 105, 

e =.- 205 X 5/200 2 5 X 2 05 ; 


ALo 
so tliat 
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and 


. xle -zl<\ 

105 = 5 = ( e -« / 


whence, setting log a = x/c, we have 

s 


l 2 - 2 


a = 1. 


and so 


a 

_ _L , J-- +1 (since a is alwajs positive) 
c ^ * c* 

_ 105 + y _ 205 + C 
— c r 

x = C logc 41. 


= 41 ; 


If y denote the height of the centre of JJ* j to the 

above the directrix, then the ut-eiul wo ^ centre of 

(total weight of the string) X (*«.«.«. by '"^tho 
of gravity has risen). But the height of the centre 

above the directrix is 

’ 7 -*(*+v) [Ex -'• Art - 2 ®- 1 

Work done = 420 [ y + *”> - T 420 ' 


= 210 [ 100 + c + Too l0{5< 41 ' 


10 — f J 

_ 210 X 105 


= n too. .h 

ujsz ,roM 

above that the work dono is 

W/ c . log (?‘ -l)-M«-'■»> 

Example 5 “ A wire is “stretched between two ,n,sis .a <• 

manner illustrated. 


CCentro! dip d 

Spool 


^’''■77Z 7, 




* > > r r> 

Y// 

v 


' 1 rf //c yjoini /I 

T/ie ftocA; «/ay o/ the left pout £ a sma ll distunee pH, 

deprived of this support, com ** / b lhc w i r e in its new posi- 
where U is the horizontal pull exe 
lion of equilibrium. 
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Prove that the value of H is 


Wl 

Sd 


1 + 


Zy.1 2 \V 
128 ' d* 


where l and d refer to the configuration of the ivire before the back 
stay yielded. \V is the total weight of the wire. 

Let c be the parameter of the catenary and L the length 
of wire. Then, by article (d), we have 



Let a small change of amount 81 in l cause corresponding 
small changes 8c in c and 8d in d. Thus, neglecting second and 
higher powers of 81. 


or 




16 d 
:i • l 



61 approximately. 


Again the small change in horizontal tension T 0 is 

ST„ =w. Sc = (f d «)—X 


8d 


•> 
• > 


W/ 2 


= Jo-jf -, 3 - approximately. 


tl* 


But in the case under consideration, 

5T„ = T„ - H = ~ l . - H, and 81 

o(t 

u u 

fxH = ~zrr ~ H, 


= {xH 


n 


128 


Wl 2 

~dA 




whence we obtain 1L in the required form. 

Example 5. A hou-y uniform string is suspended from two 
points in the sanu horizontal : if the difference between the length 
of the .string and the distance between the points of suspension is 
small , prove that if a weight w, which is small compared with 
total wight \V of the string, is suspended from the middle point 
of the siring, the sag is increased, in the ratio 


1 



Let A', A be the points of suspension and P tho middle 
point of the string. Let ‘la bo the span and 11 the length of 
iic catenary. 

When the weight w is suspended, AP, A'P are equal 
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oatenaties ; let C be the vertex of the catenary AP. With the 
usual axes, let P be the point (x, y) ; also let CP = s. 

Since iv is small compared with W, both x and s are small 
and to a first approximation 5 is equal to x. Also l a, 
is small compared with a or l, and so c is large. 

If the tangent at P makes angle ^ with ar-axis, we have 

\V W dy W 3 

w = 2 —^i V sin t = ~~J • y = T 


Now 



approximately. 




whence 



If c' be the parameter of the catenary when the load tv is not 
suspended, we have 

l — a = n 2 /C c' 2 . 

Hence r' 2 (1 + 3*l a ) = c 2 . 

Let d be the dip when the weight w is suspended ; then 
d = ordinate of A — ordinate of P 


e e ' + c f 


) _ _£ ( e . H- e ‘ ) 

mt 


- - ( 

2 \ 

= c ( cosh — 1 ) + x s * n h 

2c \ a / 

Also the dip d', when the weight u> is not suspended, t 
a 2 /2c'. 

d c' / , , 2x v 
Hence -j, - 1 + a ) 

1 + 


IS 


-{■ + £}{■-4 f> 
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49- Parabolic Catenary-—When the weight of the cable 
is proportional to its horizontal projection, the form of the 
cable can be easily obtained. In this case, the weight of CP= 
w CN, and so must act through the middle point of CN. The 



equations of equilibrium are 

T sin \p = w. CN = w-x, 

% 

T cos ^ = horizontal tension at C = w. c, 
where (.r, y) are coordinates of P referred to the tangent and 
normal at C ns axes. 


x 

c 


= tan * = ™ T = 


PN 

TN 


y_ 

\x 


or 




2 cy. 


Thus the cable takes the form of a parabola with its vertex 
at the lowest point. The form is known as a parabolic cate¬ 
nary- From (d) of the previous article, it is clear that the 
parabolic catenary is a first approximation to the form of the 
common catenary when its dip is small. 

In a suspension bridge the main roadway is hung by means 
of tie rods from two cables. The tie rods distribute the load 
so that the load on any portion of the cable is proportional to 
its horizontal projection. The weight of the cables is usually 
small compared with the load on the platform supported by 
them. Thus these cables are parabolic in form. 


Example- In a suspension bridge of 600 feet span and 60 
fed dip, the weight cf the platforms , chains and rods etc. is 1'5 ton 
per foot run. What will be the horizontal stretching force in 
each of the two chains , and the stretching force at the ponits of 
supportof the piers 
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The load on each chain is J ton per foot. 

Taking x 2 = 2 cy as the equation to the cable, we have x *= 

300 when y = 60. and so c =x-j'2y =750. 

the horizontal tension = ?c = 562'.") tons. 

Let T be the tension at the piers and let it make angle a 
with the horizontal. Then 

T cos a = 562-5 tons. T sin a = J X 300 = 225 tons. 

T = 005-8 tons. 

EXERCISES XI 

J. The load on each chain of a suspension bridge of 100 
feet span is \ ton per horizontal foot run and the dtp is ,«th of 

the span. Determine, neglecting the weight of the chain, the 

greatest and least tensions in the chain. 

2. In a suspension bridge of 400 feet span and 40 feet 

dip, the whole weight supported bj tht ' vo ‘ 1 . ; “: 

per horizontal foot. Find the horizontal tensions in the chain 

and the tension at the points ot support. 

If a simple telegraph wire has a span of 75 yards and a sag 
in the middle of 1 foot, shew that the tension Hicjire ia 

approximately 480 pounds where the \\(i,_ 1 
400 pounds per mile. 

3. In a suspension bridge of GUO feet span andl «0 feet dip, 

the whole weight supported is 3 tons per : >n 1 

Find the horizontal tension in each oi the two chain- and die 

tension in each at the point ot support. 

A freely hanging chain of the same span carr . ^ j /ontu j 
load per foot of its own length and Uic ten9ion at the 

tension as in the case above, find it> M * 
points of support. 

4 PA A \ Q is the chain of a suspension bridge 

Each of the 2 vertical bars A,B„ A 2 B S ...aistances 

equal portion of the weight of the roadwa d,stances 

BoB„ B,B,.B 2n Bj, l+1 are all equal Ihe ^ the 

chain and the bars may be neglectc 1 other- 

weight of the roadway. By means of a oi ^ Q lie on a 

wise, shew that the points P, A,,A 2 . 2M ’ 

parabola whose axis is vertical. 

IfWia the total weight of the roadway supported by the 
h«.r« a T* A Tl A B d the depth ot A n A„ +1 ociow 

PQ tfld'i the^total' span of the bridge, ehew that the tena.on 
in the chain at P or Q is 
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2 L ^ 4(2n-H) 2 d 2 J 



5. A uniform chain 300 feet long is stretched between two 
points in the same horizontal plane and 280 feet apart. If w 
is the weight of a unit length of the chain, find the greatest 
stretching for<*e that the chain is called upon to withstand. 

0. A telegraph line is constructed of wire weighing 7’5 lb. 
per 100 feet. If the posts are 150 feet apart and the wire is 
screwed up until the stretching force is 850 lb., find approxi¬ 
mately the sag in the wire at a point midway between the 
posts. 

7. A wire rope (such as is commonlj’ used in Norwaj’ for 
lowering grass from h«gh pastures) is stretched from the top 
of a cliff to a point on a level 300 feet lower. The rope is 400 
feet long and at its lower end is inclined at 30° to the horizon¬ 
tal. Shew that the stretching force at the upper end is equal 
to tire weight of 650 feet of rope. 

8. A uniform chain is stretched between a point on the 
ground and a point 100 feet above the ground. The tension 
at the gr iund is equal to the weight of 3100 feet of the chain, 
and the inclination to the horizontal of the tangent at that 
point is cos -1 ( 16/31). Find the length of the chain. 

9. If the total length of a chain (hanging freely by its two 
ends) be 100 feet, the total weight 40 lb. and the sag 10 feet, 
shew that the greatest tension is 52 lb. and that the distance 
apart of 4 he supports is 240 log* (3/2) feet. 
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10. A telegraph wire has a span of 88 feet; find the sag 
in the middle if the tension is not to exceed 150 lbs, assuming 
that 20 feet of wire weigh 1 lb. 

11. A heavy uniform chain hangs from two fixed points 
in the same horizontal line and the tension in the chain at its 
lowest point is equal to the weight of a piece of chain of length 
double the dip; find the ratio of dip to the span. 

12. A and B are two points at the same level and distant 
4 a apart. AC and BD are two similar uniform heavy rods of 
length ay/ 2, free to turn about A and B, and their ends C and D 
are held at a distance 2a apart, and at a depth a below AB, 
by a uniform chain of total weight W which rests in equilibrium 
with its middle point at a small depth £a below CD. 

Shew that the weight of each rod is 3W approximately. 

13. Shew that the length of an endless chain which will 
hang over the circular pulley of radius a so as to be in contact 
with two-thirds of the circumference of the pulley is 


a { log, (2+ VS) + 3 } 

[Lot the nnglo of contact bo 2 (-j — a ) and let A,B bo points of contact. 

Tho part of the chain below AB hangs ns a catenary ; let tho length of this 
portion be 2 1 . Tho tangent at A makes angle a with the horizontal and 

a — c tan a , c being tho parameter of catenary. Taking the usual axes, 
abscissa of A is a sin a . and so = c log (s^c a "tan a )- 


tho length required = 2s = 2 ( n _ a ) a 

{ - Hin ; a . „ , . i . 

---- — - — +2 (rr — a) ' a.] 

cos a l°P, < seC a I Lin a ) J 

14. A uniform chain is suspended from one end and the 
other end hangs over a rough pulley. Prove that 1 riot ion 
brought into play at the pulley is the weight of a length of 
chain which would reach from tho loose end to the directrix ot 
the catenary formed by the chain. 

15. A heavy uniform chain of length 21 hangs in tho form 
of a catenary from two points in the same level. If the tension 
is not to exceed the weight of a length L of tho chain, shew 
that the maximum span is 

Vv^rp log. ^±7 • 

16. One end A of a heavy chain of length l is fixed and 
the other is fixed to a weightless ring which can slide on a 
horizontal rod AB. If (x be the coefficient of friction between 
the ring and the rod, prove that the maximum span is 

, , i + V 1 + . 

I |X log,-- 
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17. In order to measure the distance across a river two 
steel tapes are fixed together end to end and stretched between 
two posts on the top of the banks at a height of 6 feet above 
the surface of the water. When the tape just touches the 
water at its lowest point, the reading is 187 4. Neglecting the 
stretch of the tapes, find the distance between the posts. 

18. A heavy uniform chain of length lGfeet hangs symmet¬ 
rically over two smooth pegs at the same level, so that the 
lowest point of the chain hanging between the pegs is one foot 
below the level of the pegs. Find the lengths of the two 
portions of the chain which hang vertically and shew that the 
distance between the pegs is S log,. 2 feet. 

11). A uniform chain of length l has its end link free to 
slide on a smooth vertical wire and passes over a smooth peg 
at a distance a from the wire. The other end is attached to a 
weight equal to n times the weight of a length a of the string. 
Shew that for equilibrium to be possible, n + Z/a must not be 
less than c. the base of logarithms. 

20. A uniform chain, of weight W and length 21, hongs 
symmetrically over two smooth pegs in the same horizontal line 
whoso distance apart is '.'a. its ends hanging vertically. Prove 
that, if 7 > nc, there are two possible positions of equilibrium. 

Show that the work done by gravity, if the chain passes 

from one position of equilibrium to the other, is —(c—c') (c + 

c' — 2a), where c,r' are the heights of the lowest point of the 
curved portion of the chain above the free ends in the two 
positions of equilibrium. 

[Let A.B ho tlio pegs nnd ACB bo the catenary, C being tho vertex. 
Tension at C = We 21, c being the parameter of the catenary. Therefore, 
by art elo 45B, tho free ends are at a distance c below tho vertex C, and 
so lie on tho directrix. Henco 

a <c 


I- Sr 


<*'c — a e c 

( c c ) 4- - (e 


a e 


—n I 


a c 


— c 


) c e 


Setting a/e = x\ wo liavo e* = lx a. Now tho lino y = Ixfa cuts tho curve 
»/ — c* in two distinct points, touches, or does not moot it at all according 
as //a > , = . or < tan a , where a is the angle which tho tangent to this 
curve from () makes with .r-nxis, that is to say, tan a = c. 

In one position, let -*» be the length of the catenary and c its para¬ 
meter und : bo depth below At) of tho centre of gravity of tho whole 
chain. Then taking moments about AB, 

'•= - a - *> s [ (i -.) + i {(i - .> + ^}] 

w . w 

" 2 (/ - s) " » ca - 

* 47 (P + e=) - fjea. 


w 


since c 3 + s* = (Z — $) f . 
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the work done = (c* - »' ! ) - 2 («. - c -a) } etc. etc.) 

21. A uniform wire of leng h l hangs in a nearly flat 
catenary between two points distant b from one another on the 
same level ; shew that approximately 

L-i = -ij-(l -) 2 

^S^Xtr^^^tmore 

than 20 miles. , , , nn 

22. One ship is towing another by means o a ca 

£££$ t'i.e cuble'are £ f«t‘«d tb. water 1-1 

occurs and verify that the horizontal tension ... the tabic 

approximately 10,000 lb. , 

23. A 100 feet uniform invar tape ol 

for the purpose oi r . 8 «rmg.t ^ ^Uontal surface, 

stretched by a tension ul t ul ‘ . 

It. the field, it hangs freely from f ends, 

level will, the same horizontal ten. in I J e t . orte cl ion which 
Provo that, if T is I .rg ■ compared with \ ,.the eon 
must be applied to the length of the span as measured, _ ^ 

obtain the true horizontal distance, is approximately - 4.2 T , 

^24. A light wire supports a L 

which has a uniform ho.i/onta <• slrelc hestt unit length 

between the supporting P osls - 111 p 

under a tension P. i!,rhtonin« the rope so as to 

Show that the work done in - 7 approximately by 

reduce the central sag from d l to d., is giv 11 
the expression \VL 2 / 1 _ 1 \\ 

W (d, - d,) + ~d} )] • 

l 1 .i, n f the net is clear <>f the ground 

thro I u^h^tdXTu,e t p: i nts‘ofsu,,port of the rope are at 

the r?.I 'form flexible 

SC - tb0 

terminal tension is increased or decrcus 
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I sin h a 

— > or <- , 

a a 

where a is the positive real root of the equation 

x tan/i x = 1. 


26. A ship is at anchor in 5 fathoms in a tide way which 
exerts on it a drifting force of 1500 lb. The anchor weighs 
40 lb. per fathom, and an anchor will not hold unless the pull 
on it is horizontal. Shew that the ship must have at least 20 
fathoms of the chain out. The buoyancy of the chain and its 
resistance to current may be neglected. 

27. A uniform chain of length l is hung between two points 
A,B. where B is at height k above the horizontal at A, and at 
distance h from the vertical at A. Prove that the parameter c 
of the catenary is c = h/2x where 

sin h x _ y/l- — £ 2 
x h 

Calculate c correct within one per cent if i = 25 ft., h = 23 ft., 
k = 7 ft. 


[Let tho equation of tho catenary referred to usual axes bo 
y --= c cosh — - and lot A bo the point (x,y). Then 


V *r k — c cosh * 




r.d l 


-( 


. . x — h . . x 

binli-- sum — 

c c 


) 


I \ k ^ c (• h c — 1), l — k = c c~ x ' e (l - e~ h l e ). 

Multiplying these, ,//•!':_ , ■ . 

° * v 1 “ '• — 2c binli h 2c etc etc.] 



" log 


l -f v O + 


a 


and y/l 2 a? — a. 


-0. A :-h;.in of length l is stretched nearly straight between 
luo points A. Bat different, levels with a pull equal to the 
i .hi ol i length L of iho ehain ; prove that the deflection from 
ti e straight line the middle of thcchain is approximate!}’ equal to 

1 hi 

X L' ’ . . 

u here !> is the horizontal distance between A and B and the 
cullection is measured at right angles to AB. 



CATENARY 


213 


Ex. XI.] —.* 

30. A chain of weight w per unit length is suspended from 
two points and passes over a smooth support (not necessarily 
of small cross saction) so as to hang in two festoons, bhew 
that there is a horizontal pressure at the support equal to ivd, 
where d is the difference of levels of the lowest points ol the 
two free portions of the chain. 

[Lot C, C' bo the lowest point of the festoons and let T, T bo the 
toneions there; also lot c, c' be the parameters of the two ™gn*nes. L 
article 45]}, T' - T = u-d and so c' = c -i d. Thus the catenaries La\c 

the same directrix. 

Also the horizontal pressure at tho support is equal to tl,« diflVuncf 

in the horizontal tensions of tho two catenaries.J 

31 One end of a uniform chain of length l is lastened to 
a point A and- tho chain hangs over a smooth peg B whose 

SoKtal disunce from A is , and whose ~ " 

above A is q. Prove that the parameter t of the ta enary m 

which the part of the chain between A and B hangs 

mined by the equation 

21 (i- g) (fc-D -ji(2fc±2£r-L), 

[2(1-*) -*3" 

where k = cosh p'c and s — smh pc. 

32. A uniform chain of length 2/ an I weight \\ >*» 

v , r ■ , t T3 | n ii.g v.:uue horizontal hue. 

ded from two points A, i> n u ‘ t . * . ,• ( a l im 

P is now suspended from ihc n-i'i' «' I 11 ' ' *«> be /i Sh« w 

the depth of this point below AB is found to br 

that tho terminal tensions arc* 


c 2 = 


suspen- 
A loud 
mil 


\Y 


A-M- 


3 


3[ p /7‘ r " ; M 

33. A heavy uniform stnng of ih^'di smnee 3pm! is".?! 

points in the same hoii/.onml \ wei-ht equal to the 

where (2-d)/d is supposed to . t ^ hc fniddl * point of 

length 2s' of tho string is attached to me i ^ ^ oqual 

the string; prove that the l] ar *J , “ t r t j 10 weight is attached 
catenaries in which the string hangs alter me e 

is given by 

/ 3s' \ 

c ' = c (‘ + d) 

and that the sag is increase*! m tho ra lt [° before 

& is 'assumed that ^ *‘eg,i- 

^ 34. A wire is stretched foVT 

horizontal level. Ihe vertical lu. I . ccn t ro of tho 
varies uniformaly from a maximum value at the cen 

span to zero at either end. 
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Obtain the equation to the curve assumed by the wire; and 
shew that the tension at the lowest point is equal to the total 
load borne by the wire when the dip is one-sixth of the span. 

35. Two men stand at a distance 2a apart, and each takes 
hold of an end of a heavy uniform chain, of length 21 and 
weight W, which is lying on the ground between them. Each 
lifts his end slowly and at the same rate. Find an expression 
for the work done by the men when the lowest point of the 
chain is just free of the ground, and shew that if l=a-\-x, 
where x is small compared with 1 or a, then the work done is 

W . 

-qVKox nearly. 

3(i. Prove that the work done in raising the middle point 
of a uniform inextensible chain AB is half the work done in 
raising the whole chain to the level of AB. 

Calculate in foot pounds this amount of work, when the 
length of the chain is 12 feet, its weight 5 pounds and the 
original sag at its middle point is 4 feet. 

37. In “the C'ltenary of equal strength”, the weight per 
unit length of the rope is so adjusted that the rope hanging 
freely is equally strained at all points. Find the form of the 
curve in which it hangs and shew that 

T = T 0 cosh (sjc), 

where T is the tension at a distance from the lowest point 
measured along the rope and T 0 and c are constants. 

[Since the rope i« ctpinlly stmon-il at all points, its cross Ruction must 
everywhere bo proportional to t!io tension. Thust'o tension 1‘ at any 
point is T '•[/' where c is u constant and to ie tho weight per unit length. 
Considering tlio equilibrium of an inlinitcsimul portion of the rope, we 

have 

T 

d T - w ds sin^r, — = to cosf, ; 
and also T cos if, =T 0 , 


where T„ is the horizontal tension. 
Now 

and so 


«iU' 1 


n 

c sec •*/ 

• 

* 

dx 

d.C 

ds 


dJ ' 

Vf. 

dt/ 

du 

ds 

" 

d$ 

d Y 


xic = 

t - 

u * «• 

lo^ SCO ^ 


= c 


— c tan it 


Let us choose the origin so that x and y vanish when if, = 0, and so 

a -u. R — 0, and 


V =» c log sec l-r/e). 
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Tli© ourv© is as drawn in the accompanying diagram. 



Again 


dT 

d* 


T 

c 


tf, 


sin ^ ~ \J 1 “ — IV 

c 


log — 


Vr- - V « 


A' 

C 


whence 

1 o 

, , . . , , ■ rr, _ ... when I = o, ic. , when * — 'rorn 

no constant being added smco T — h"" cn V 

this result, T = T 0 cosh (*/c).] 

38. For a hanging chain, prove that 

err T _ ... if 

W = ' d *' 

Deduce the result of the last example. 

39. An arch-way under a level road is 

“the 1 r ,h b,L .r f -th 

vertically above it and that the reac curyo of t |, e arch ; 

upon its neighbbours is tangentm thnis , s acting on the 

these two principles account for a verify 

blocks. Find the equal ion of .ho apoection of one." 

that it is either a catenary or the orthogonal i j 
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[Consider tho oatenary 
ACB illustrated in tho r 
accompanying figure. 

Area COMP = J ydx 

= cs 9 (where s denotes the 
arc CP), so that tho infinite¬ 
simal area 

PMNQ = c.ds 

= c. (arc PQ). 

It follows that tho cat¬ 
enary mu>t bo a suitable 
form of tho arch in wich the 
roadway is at tho directrix 
since, in this case, tha load 
on every infinitesimal arc is 
proportional to tho column 
of earth above it. 


N M .0 



Aliter. —Tins result can bo independently obtained as follows : 
J ho load on an element ds of an arc is proportional to tho area 
i.o. d A, and a»so to ds, so that 

d\ = c. ds , 

whero c is constant. Taking the axes as shown, wo have 

dx 

y -3T = c, 


PQNM, 


whence 


ds 

rf.V _ v V - c 
C 


dx 


At C, the tangent being horizontal, wo must have y = c. Integrating 
x = c log (y -f y'j/S — c 5 ) — c log c. 


sinco x - 0 when y = c. Fro.-n this y = c cosh — , eo that tho curve 

c 

of tho arch is a catenary, 

Now let n curve be formed by reducing tho ordinates of a catenary 
in a given ratio. If P' (u\i/') bo n point on tho new catenury correspnding 
to P on tho given catenary, su pposo 

P'N C'O c' 

p 3T = con3timt = -cu-= -- sa y> 


\vh?nco 



1 ho now curve, Uius obtained, is tho orthogonal projection of tho 
driven one ; it i.» .iso callod n transformed catenary. 

Tho area P'MNQ' 



Therefore, tho transformed catenary or the orthogonal 
iv catenary can also be a suitable curve of tho arch.] 


projection of 


40. A wire i? stretched between two points at the same 
horizontal level distant / apart. The central dip d is small 
compared with the span. 
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Prove the following approximate result 

wl 2 

Tension at middle is , where w is 

o(l 

unit length. 


weight of wire per 


Length of the wire is / -f 


8 

3 


d 2 
l ' 


In a particular ease. I is I2U0 feet and d is 30 feet. The 
wire is of steel weighing 480 pounds per cubic foot and its E is 
30 millions pounds per square inch. 

Owing to deposit of ice the weight of the wire is increased 
by 50 per cent. 

Prove that the increased d due to this additional load is 
about 2} feet. 

41. A wire cable is strectehed between two points at the 
same level 1000 feet apart. The cable weights li lb per foot 
run and when a load of 2000 lbs is concentrated at the centre, 
the central sag is 20 feet. Calculate the horizontal component 
of the tension in the cable and the sag at points 200, 400, GOO 
feet from the centre. 

42. A heavy elastic chain, uniform in its natural state, is 
suspended from two points at the same level ; the natural 
length is 21, the horizontal span 2 li and a is the ratio of Young’s 
modulus to the weight of unit natural length. Find the equa¬ 
tions to determine the curve in which the chain hangs, and 
shew that the span is given in terms of the natural length and 
sag d in the middle by the equation 


2h = 

where d x =■ d — l 2 j2a. 


_ I s - d\ / 


i±J> + 

l - d, 


' \ 
« J ’ 


[Let C be the lowest point of the curve in which the elastic chum 
hungs. Lot the notation bo ns in the Art 47 ; also let ho tho unstrotchcl 
length of the uro CP. Thon 

T ~ (</.* — da') d* 
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7 \ ' Vc ; -t- *•’ 

Integrating, we obtain 


wc , . , s' — v/ cS -r . 

j: = -— s -r c log--r A* 

A c 


w 


V = o 


-A 


'* f -i/C* + V* 


B. 


where A and B are constants. 

Let the origin bo taken on the vertical through C ; then x = 0 when 
»' =■ 0 and so A = 0 . Also let the origin he talcen a distance k below 
C; then 

k = c -J- B. 

In the particular cose, y ■= k ~ d and x -= A when s' ~ I. Thus . 


. cl . . / + V * s c 2 

/l =-r C JOG---, 

a 1 b c 


and 


I* 


d -3 - + y7 S - C” T B - *, 


since 7 ^ = a?/*. 


Now 


<f» Vp + c s - c . 


and 

L- = (l> j. c s ) 

so that 

!,] - vp ; v c 

whence 

2c ii_ t/l 

u i 



and 

-Vp + « s ~ 7 r-- 


P - 




r- i- ,/,= 

rfi" 


Thus 


VP 


— ~\ 1 ‘ -id—) 

- H -r rf,)*/(P " <*i S ) 

= (I -r — dj) etc. etc. 

Again squaring and adding the equations integrated above, wo have 

I, 


ds w 

“ * v«* 


#'* * 


whence 


.s 


t 2 x f \/ c " A ' •- c ~ log 




r 


sineo ^ and s' vanish together, and 


•s' — c tun ^ 


Hence 


uc 2 

•s — c tan ^- 


£ tnn scc V ~ lo S t tun ^ — sec $) J. 

■which gives the intrinsic equation of tho elastic catenary.] 

i:]. A heavy flexible chaiif hangs freely in a curve whose 
form is given l»y the equation >/=/(*), where the axes of* 
and v are horizontal nnd vertical. Obtain an expression lor the 
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density of the chain expressed as a function of x. 

Give the result for the lower half of the circle ** + y* = «* 

[The first part may be solved in either of the following ways. 

(i) With the notation of article 44, we have 

= u,- sin t, T IP = w cos t. 
da 

where w is the density. Therefore 


1 dT 
T d 


- = tan whence T cos ^ — constant — 1 0 , (say). 
=1 T sec tlP = T 0 sec 3 tlP = T 0 j/VU P* 


where P — dy/dx, q = d-y!dx~. ...... 

(ii) With tlie notation of article 47, il w be the density, 

_ <j< coa tjj and J u-'de — 1 sin t — 1 u tan t 
whence differentiating. T„ sec 'tip = w, os bafore.J 






